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Call an integer an E;-number if it is a product of j distinct primes. It is
proved that for infinitely many n,

(I) nis an Es-number, at the same time n+2 is either an F, or an Ej-number.

Also, by calling an integer a Pj-number if it is a product of at most j primes, it
is proved that for infinitely many n,

(II) (a) nis a prime, at the same time n + 2 is a Py-number.

(b) n is a Ps-number, at the same time n 4+ 2 is a Py, n+ 6 is a P;, and
n + 8 is a Py-number.

These results can be well extended to any admissible 2 or 4-tuples. An admissible
k-tuple is a set of k linear functions {ain+0by,...,axn+by} satisfying certain
arithmetic conditions. Let “ [k : 7y, Ry|” denote the following statement:

Given any admissible k-tuple {ain+by,...,agn+ b}, there exist
infinitely many n such that the product (a;n+b) x -+ X (agn+by)
is a P, -number, at the same time each a;,n+b; is a Pr, -number.

Then (III) [3:8,3], [4:12,4], [4:11,5], [5:15,5] are proved as well.

The proofs are developed from the approach of using A? sieve to study
admissible k-tuples. By using Selberg’s idea, a k-variable A? sieve, A\g— s, s, ,
is introduced. The truncation of the sieve can therefore be better controlled,
which helps in the proof of (I). By evaluating the asymptotic behaviour of sifted
E;-numbers, the following expression can be considered:

k

L
Z Z Z ozijvj(aineri) — B A2,

N<n<2N Li=1 j=1

where 7; : N — {0, 1} are functions supported on Ej-numbers, and «;; are to be
determined. (II) and (III) are proved in this way.
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Turn to the left, then bear right, and you will touch the intangible,
you will reach the inaccessibly remote tracts of which one never knows
anything on this earth except the direction, except ... the ‘way.’

— Marcel Proust, In Search of Lost Time: Time Regained



Chapter 1

Introduction

1.1 Prolegomena

“There are infinitely many n € N such that both n and n + 2 are primes.”

This is the famous twin prime conjecture. Although the statement is well
supported by heuristic arguments and computational results, to date it has not
been proved or disproved. We have a result towards its proof, which is due to
Chen. He showed that there are infinitely many prime p such that p+ 2 is either
a prime or a product of two primes, c.f. [8, chapter 11] for example. Several
decades have passed since Chen’s theorem was published, but we are still unable
to prove the conjecture.

The story does not end here. One should be inspired by this conjecture and
consider the following generalized problem:

“Given a set of k > 2 linear functions {ain+bs, ..., agn+by}, where a;,b; € 7
and a; > 0, do there exist infinitely many n € N such that all a;n+b; are primes
simultaneously?”

We immediately find that the answer is no in some cases, say {n,n + 1} for
example, because for each n € N, one of the pair can be divided by 2. Such
trivial cases should first be excluded from our consideration.

Definition 1.1.1
A k-tuple £ = {ayntby, . .., apntby }, where a;, b, €Z, a; >0, and a;b;—a;b; #0
for all i35 1, is called admissible, if by defining for each prime p
V(L) = #{1<n<p:p divides Hle(am—i-bi)},
we always have v,(L) < p.

IThis is to ensure that the a;n+b; are distinct with respect to constant multiplications.

1



2 Chapter 1. Introduction

By restricting our attention to admissible k-tuples, the aforementioned trivial
situation is exactly eliminated. We note that given k, we can always find an
admissible k-tuple, for one can consider £ given by {n + p1,...,n + px}, where
p1, - - -, i are distinct primes greater than k.

It is time to state the prime k-tuple conjecture formally:

Conjecture 1.1.2 (Prime k-tuple conjecture, qualitative form)

Let £ be an admissible k-tuple, k > 2. Then there are infinitely many n € N
such that all the a;n+b; involved are primes simultaneously.

As the name suggests, there is a quantitative form. This can be found in,
e.g. Hardy and Littlewood[9, Theorem X1|, where they discovered it through a
heuristic argument with the circle method (for the case where all a; = 1). We
shall introduce the conjecture by a rather straightforward approach, which makes
use of a probabilistic model suggested by Soundararajan[17].

Let N be a large real number. Then for any n € N such that its order is
comparable to N, we assume that the probability of n being a prime number is

@, as the prime number theorem suggests. In this way, the size of the set

{N<n<2N :an+b; is a prime for all : = 1,... k}

N
loghF N
are not really independent. For example, in the case £ = {n,n + 2}, if one of
the pair can be divided by 2, so is the other.

is of order We would like to add a correction factor, because the a;n+b;

Given a prime p, the probability that p does not divide k& randomly chosen

integers is (1 — %)k, while the probability that p does not divide Hle(ain+bi) is

(1-— #) This suggests that the correction factor should be

Definition 1.1.3

So? we arrive at the following conjecture:

Conjecture 1.1.4 (Prime k-tuple conjecture, quantitative form)

Let £ be an admissible k-tuple, k > 2. Then for any large N, we have
N
log" N~

#{N <n<2N :amn+b; is a prime for alli=1,...,k} ~&

20bserve that & < oo, because the requirement a;b; — a;b; # 0 implies v,(£) = k for all
large prime p.
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We are far away from proving the prime k-tuple conjecture, because even
the single case k = 2 still defeats us. Nevertheless, as Chen’s theorem suggests,
inferior results are possible if one relaxes the requirement from being primes to
being almost primes. Almost primes are those integers with few numbers of
prime factors. For convenience of later discussion, we first make the following
definition:

Definition 1.1.5
We write “ [k : 1, R,]|” to denote the following statement:

Given any admissible k-tuple {ain +by,...,axn + by}, there exist
infinitely many n such that the product (a;n+by) X -+ X (agn+by)
has at most r, prime factors, and at the same time each a;n—+b; has
at most Ry, prime factors, all counting multiplicity.?

As an example, Chen’s theorem is the result [2: 3,2].

This opens a new path of research. Namely, although we are unable to reach
[k : k,1] in the meantime, we can try to prove [k : 7, Rg] with ry and Ry
as small as possible. To this end, sieve method enters naturally, for it can be
used to sift almost primes from integers. To date, the best results for the case of
general k are produced by the A% sieve method, which we shall describe shortly.

X %k 3k ok ok ok ok ok ok

The A? sieve method has been invented and examined by Selberg since 1940s.
One can find in his work [16, Section 23| the following strategy to tackle the twin-
prime conjecture:

Let 7 be the divisor function, and let A = \; be a real-valued function in d.
Suppose one succeeds in showing that for some positive number B, we have

2

Z [B—T(?”L)—T(n+2)i|>< Z Ai| >0

N<n<2N dn(n+2)
for all large N. Then the conclusion B > 7(n) + 7(n + 2) for infinitely many
2
n follows immediately, because ( > )\d> is always nonnegative. Upper

d|n(n+2)
bounds for rs and Ry are thus obtained from the value of B.

30Observe that we can have Ry, <7y — (k — 1) and 7, < kRy.
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Observe that the smaller the B, the better is the outcome. Since B is deter-
mined by the ratio of the following two expressions:
2

Sl = Z 1 Z )\d 3

N<n<2N d|n(n+2)
2

Sy = Z [T(n) + 7(n + 2)] Z A | o

N<n<2N dln(n+2)

S.
therefore our task is to choose A\ suitably so that §2 is minimized. Note that
1

> Nen<on 1 has order N, while » y_ _oy[7(n) + 7(n+2)] has order NlogN.

In order to bring them into the same order of magnitude, the auxiliary A% =
2

(Zd|n(n+2) )\d> should be able to sift out those n with 7(n) +7(n+2) large from

the sum, or equivalently, the weight of A% should be concentrated on those n
such that 7(n) + 7(n+2) is small.

Therefore, the A? is called a sieve, and we are in the position of finding a
S,
good one to minimize 8_2 Selberg considered this as an intractable problem,

and his choice of A\ was jlust to minimize S;. He eventually obtained the result
[2:5,3].

We remark that Selberg chose his A by a diagonalization argument, which
is a common practice when using the A? sieve method.* However, when the
aforementioned methodology becomes well adopted to the prime k-tuple problem,
it appears that diagonalization cannot take its place in optimization. As a result,
what the square in A? brings to us is mainly nonnegativity.

Xk ok ok ok ok ok ok ok

A natural way to extend Selberg’s idea is to generalize S;, Sy to the case of
admissible k-tuple and find a good A to reduce the corresponding ratio. This is
the work of Heath-Brown [10]. The sieve he chose for

2
A% = Y
d| TTE_, (asmrtdy)
can be defined by

(1.1) N {u(d)(%)kﬂ ifd <
. o

0 otherwise,

where p is the Mobius function.

4One may refer to [16, Section 7] for the approach and [15, Theorem 1 and Lemma 7] for
an application to the Riemann Hypothesis.
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We note the following points about this A:

1. Let m have the prime factorization py* ---p¥r. We have

Zu(d) <log ) Z Z z1+ iy 1ng_10gpil1__“_1ng?,)[)‘

dlm 11=0 ir=0

Using the multinomial expansion and changing the order of summation,
the right hand side is

1 1

l1+ i ) JT+1 r o
= D> > : Dilog “ I~ 10gpi)
e | ¢ ’
Jlsensdr+1 91=0 ir=0 Jr+t! =1
Jit+tir41=D

where we take (— logp@z)jf = 1 when iy, j, = 0.
Observe that for 1<¢<r, the term corresponds to j, =0is 1 + (—1) = 0.

Hence, if r > D, we have >, u(d)(log z/d)P = 0. This demonstrates the
sifting property of A in case no truncation (d < z) is imposed.®

2. The a;n+0b; are related by congruence conditions. As an example, let us
consider £ = {n,n + 2,n + 6}. Clearly, if §|n then (n+2) = 2(mod J),
and if §|(n + 6) then (n 4 2) = —4(mod 0). Hence, when evaluating

(1.2)
Yo o422 = D r(n+2) > > )
N<n<2N N<n<2N dn(n+2)(n+6) d|n(n+2)(n+6)

by letting each d|n(n + 2)(n +6) be d = §10293, d1|n, d2|(n +2), d3|(n +6),
we find that we have to deal with a sum of the form

(1.3) > r(m),

m<x
m=a(mod q)

where the size of ¢ is determined by 51,51,53,53, while the size of z is deter-
mined by N and d3, d5. The sum (1.3) can be handled efficiently only when
q does not exceed certain size with respect to . The truncation d < z is
imposed for this purpose.

5The reason why D = k + 1 instead of D = k was used in (1.1) is a technical one: for
otherwise Sy fails to have an asymptotic behaviour.
6To date this is allowed to be about z2/3. The exponent % is called the “level of distribution”.
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By this choice of A, Heath-Brown not only recovered Selberg’s [2 : 53]
result, but he also obtained general [k : ry, Ry] results. We do not report them
here, because by a neat refinement of the A\, Ho and Tsang [11] was able to give
improved result.

The sieve candidate Ho and Tsang used was

& log z/d\ "
Aa = p(d) Z O‘é( log 2 ) ’

l=k+1

S.

where the a,’s were determined by optimizing the ratio §2 This brings flexibility
1

to the process of optimization, thus resulting in improvements. In terms of Ry,

their results are the best for £ > 3.

Their results are as follows:

Ho and Tsang [11]
[2:5,3]
[3:8,4]
[4:12, 4]

/5: 16,5
[6:20,5]
[7:24,6]
18: 28,6
[9:33,6]
[10:38,7]

Xk ok ok ok ok ok ok ok

Apart from optimizing the sieve, the next thing is to examine the complemen-
tary weight. By a complementary weight we mean a function f such that f(n)
can provide information about the number of prime factors of n. What we have
seen so far is that f(n) = 7(n). Let’s try another one, say f(n) = w(n), where w
is the characteristic function of primes. Suppose temporarily a; = ay = - -+ = ay,
and that we are able to show that for some k,

k
Z [Z w(an+b;) — 1] A?>0
N<n<2N Li=1

for all large N. Then this would imply bounded gaps between successive primes
exist”.

Ti.e. liminf(p,11 — pn) < 00, where p,, denotes the n*® prime.
n—oo
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One can expect that this approach, if works, requires k£ to be rather large.
After all, by the current technology, sieve method is not that efficient at purely
picking primes. Therefore, to keep k small, we should involve almost primes
as well, as illustrated by Chen’s Theorem. In this direction, we have the work
by Goldston, Graham, Pintz and Yildirnm[5]. We first make a definition before
giving the description.

Definition 1.1.6

A positive integer is called an Ej-number if it is a product of exactly j distinct
primes.

For instance, 6 is an Fo-number and 42 is an E3-number, but 9 and 50 are
not E;-numbers for any j.

Now we can account for their work in this way:

1. Let 75 : N — {0,1} be a function supported on Es-numbers. i.e. y5(n)=1
only if n is an Es-number.

2. By showing that

Yo(ain+by) + a(azn+bo)
(1.4) > + + —1[ A% > 0

N<n<eN | w(ain+by) + w(agn+bs)
for all large N, they obtained the result [2:4,2].

3. By showing that

Z [V2(a1n+b1) + ya(asn+by) + va(asn+bs) — 1] A% > 0

N<n<2N

for all large N, they found that for any admissible 3-tuple, infinitely many
often two of the a;n+b; involved are Ey-numbers simultaneously.

In fact, since {n,n + 2,n + 6} is an admissible 3-tuple, we can conclude that
the gaps between consecutive Ey-numbers can be < 6 infinitely many often. One
then wonders whether the following conjecture is true:

Conjecture 1.1.7 (Twin Ey Conjecture)

There exist infinitely many n such that both n and n + 2 are Eo-numbers.®

8Examples include {33, 35}, {779, 781}. We consider {n, n+2} rather than {n, n+1} because
the latter is a consequence of the following conjecture: there are infinitely many prime p such
that 2p + 1 is an Ep-number. See [6, Section 1].
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We shall talk more about the problems of gaps between primes in Chapter 4.
We stop the discussion here by noting that, as mentioned earlier for the case
f(n) = 7(n), one needs information about sums of w(n) and 2(n) over arith-
metic progressions. The first is provided by Bombieri-Vinogradov theorem, and
the second is provided by the work of Motohashi[13]. The size allowed for the
moduli is about x'/2 in both cases.

X %k 3k ok ok ok ok ok ok

It is Maynard [12] who employed the idea of counting Ej;-numbers in the
prime k-tuple problem. The complementary weight he used can be defined by
f(n) :==j—21if n is an E;-number. Plainly, the expression under consideration is

> - Zf(ain+bi)

N<n<2N

To evaluate Z f(a;n+b;)A*, observe that if the sum is restricted to square
N<n<2N

free integers, this is

2logp
- XX ey

N<n<2N pla;ntb;

~ Z Z [1 21;:5\71)] Z Z (ain+b;)w;(am+b;)] A2

N<n§2Np|ain+bi N<n<2N j=1
p<VN

where w; is the characteristic function of E;-numbers, and w(m) gives the weight

) 2108 Pmax
logN

if the largest prime factor py.. of mis > N %, and w(m) = 0 otherwise. Since
every term in the second double sum is nonpositive, so by truncating the sum
over j to 1 <j < L, say, and using Motohashi result, we can get a computable
upper bound for the sum above.

In terms of 7y, to date this method produces the best results for £ > 4. They
are recorded and compared with the results of Ho and Tsang as follows.

Ho and Tsang [11] | Maynard [12]

2:5.3] 12:5.4]
13:8,4] 13:8,6]
[4 :12,4] [4:11,8]
5:16,5] /5:15, 11
16:20,5) 6:18,13]
17:24,6] 17:22,16]
8 : 28,6 18:26,19]
19:33,6] 19230, 22]

[10: 38, 7] [10 : 34,25]
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Maynard attributed the improvement in 7, to the following observation:
although we have stronger level-of-distribution result for 7(n) in arithmetic
progressions (i.e. % > %), the divisor function assigns much larger weight to
those n with many prime factors than f, rendering the siftings less noticeable.
But then we are in a catch-22 situation, because it is this fact that enables us to
exclude the possibility that some a;n+b; contains many prime factors. As a result,
in terms of Ry, Maynard’s results are not as impressive as that of Ho and Tsang.

1.2 Exploration in this thesis

1. On the sieve.

As mentioned earlier in the previous section, one is required to impose a
truncation on Ay in order to handle a sum over arithmetic progressions.
The more the truncation, that is, the fewer the nonzero \; available, the
weaker would be the sifting effect.

We find that there is always a bit overflow of the truncation imposed in
previous studies. Again consider the previous example £ = {n,n+2,n+6}
and the sums (1.2) and (1.3). It has been observed that the role of ds is
different from that of d1,d3. As Selberg [16, Section 23] suggested, if we
consider a more flexible multivariable A? sieve,

2

2
A= § , /\51,52753 )

d1|n
62|n+2
63|n+6

then the asymmetry can be handled more properly, resulting in a relaxation
of the truncation on A. Previous studies do not do so, perhaps due to
simplicity and the fact that the difference is small when k is large. Despite
the complexity, improved results should be possible by this new approach,
at least when £ is small.

Exploring this idea is the main theme of Chapter 3, in which we shall obtain
the following result:

Theorem 1.2.1

For any admissible 2-tuple {a;n+by, asn+by}, there exist infinitely many n
such that ain-+by is an Ey-number, and at the same time asn—+by is either
an Es-number or a prime.
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Although this is inferior to Chen’s theorem when one considers the twin
prime conjecture, this can nonetheless be regarded as an analog of Chen’s
result to the twin E, conjecture.

To achieve this result, we shall demonstrate that by our new sieve, we can
show

72((1271"‘[)2)
S elantb) =1 A%, >0
N<n<2N w(a2n+b2)

for all large N. The result then follows immediately.

We have seen similar expression in the previous section in the discussion of
the work in [5], namely (1.4), in which there are two w functions instead
of one. We note that it is our new sieve that allows us to drop one w while
still keeping the sum > 0 for all large N. The previous sieves fail to do so.

. On the weight.

In [8, Chapter 10], Halberstam and Richert described the following general
sieve procedure: Let f(n) be an arithmetic function which increases with
w(n), the number of prime factors n possesses. If for some choice of B and

A? one has
> (B = f(n)]A* >0,

nes

then there exists n € S such that f(n) < B. In view of the nature of
f, we then have an upper bound of w(n). Moreover, at the end of the
description, they commented that this method is not readily applicable,
due to our lack of knowledge of the distribution of a general arithmetic
function f over arithmetic progressions. Finally, they hope for finding a
Bombieri-Vinogradov-type theorem for such general f.

Perhaps here we can give a response to their comment, at least for the
case of the prime k-tuple problem that we are considering. First of all, we
assume that until the end of this section, all integers under consideration
are square free. Then for any arithmetic function f such that f(n) only
depends on w(n), we have

fm) => "wi(m)f(p1--py),
j=1
where p; denotes the i*" prime. For instance, we have

T(m)zzwj(m)zj and w(m):ij(m)j.

If f is a finite linear combination of @, then by the result of Motohashi[13],
we have such a corresponding Bombieri-Vinogradov-type theorem, with the



1.2. Exploration in this thesis 11

level of distribution to be % We now demonstrate that it is the nature of
this sieve procedure that allows us to write f as a finite linear combination
of @w;. As an example, consider the twin prime problem. Assume that for
a fixed choice of A%, we have

> [20-7(n) = 7(n+2)]A* >0

N<n<2N

for all large N, and that 20 is the smallest possible integer for this to be
true. So we have the result [2:6,4]. Then when we replace 7 by

7'(m) := 2w (m) + 4w (m) + 8ws(m) + 16wy(m) + Z 20w;(m),

which satisfies 7/(m) < 7(m), a fortiori we have

(1.5) > [20—7(n) = 7'(n+2)]A% > 0.

N<n<2N
But in this way,

(i) The result [2:6,4] still holds.

(ii) It is possible to choose the integer 20 in (1.5) to be smaller, while
the expression is still positive for all large N. Thus, we may get an
improved [2 : 9, Ry] result.

(iii) 7’ is a finite linear combination of w;:

4

r'(m) = 37 P, (m) +(20) (1 - ij<m>> ,

=1
and so

20 — 7'(n) — 7' (n+2) = Z aji(n) + Y ajoi(n +2) — 20

=1
for some a; > 0.

This observation suggests that, when we are using this sieve procedure,
if we are prepared to accept % to be the level of distribution, and that
f(n) only depends on and increases with w(n), then we can obtain the best
results by cutting off f so that f(n) is a constant for all w(n) > L, say, and
the expression we need to consider is

k L

(16) Z Z Zaijwj(am—i—bi) — B A2,

N<n<2N [i=1 j=1

where «;; are to be determined.
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This is the main theme of Chapter 4. We shall in particular obtain the
following result:

Theorem 1.2.2

The following statements are true.

(a) For any admissible 2-tuple {ain+0by,aan+bs}, there exist infinitely
many n such that ayn—+by s a prime number, and at the same time
asn—+by is either a prime, or an Es, or an Esz-number.

(b) [3:8,3].
(c) [4:12,4].
(d) [4:11,5).
(e) [5:15,5].

Although Result(a) is again weaker than Chen’s one, it should be worth
mentioning, not only for the sake of completeness, but also due to the fact
that it is obtained through a non-linear sieve.

When we use the following table to compare our theorem with the previous
results,

Ho and Tsang [11] | Results in Theorem 1.2.2 | Maynard [12]
[2:5,3] Result(a) [2:5,4]
13:8,4] 13:8,3] 13:8,6]
[4:12,4] [4:12,4]/[4:11,5] [4:11,8]
[5:16,5] [5:15,5] [5:15,11]

we see that we can always reach some kind of improvement. It will also be
clear that our result can be extended beyond k = 5.

As revealed by Theorem 1.2.2(a), we can have other interesting results
besides that of the form [k : 7y, Ry |. As an example, we shall obtain:

Theorem 1.2.3

For any admissible 4-tuple {a;n+by, agn+bs, agn+bs, ayn+by}, there exist
infinitely many n such that ayn+by is a Ps-number, asn+by is a Py-number,
asn+bs is a Py-number, and asn-+by is a Py-number.”

In particular, this theorem can apply to {10n+1,10n+3,10n+7,10n+9},
which is called a prime decade when all the members are primes.

This section is ended by remarking that we succeed in proving Theorem
1.2.2 and Theorem 1.2.3 because the weights assigned to the Ej-numbers,
namely the a;; in (1.6), can be chosen freely. This allows us to construct
sophisticated weights in application.

9By a Pj-number we mean an integer with at most j prime factors.
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1.3 Notations and Conventions

Throughout the thesis, we shall make use of the following notations and
conventions:

With or without subscripts, the symbol p will be used to denote prime
numbers, s and £ to denote complex variables with c=Re(s) and ¢t=Im(s).

For r € R, we write (r) to denote the vertical line in C that passes through
r. Fora>0,welet H , :={s€C:0>—a} and Hy, :={s€C:0< 0 <a}.
For n,m € N, we write (n,m) and [n,m| to denote the greatest common

n!

divisor and the least common multiple of n and m. C] stands for eI

N will be a parameter which tends to infinity. £ always denotes a k-tuple
{ain+by,...,agn+0b;}. All implied constants in O and < will be absolute or
depend on £, unless otherwise specified.

w is the characteristic function of prime numbers. p and ¢ denote the Mobius
function and the Euler totient function respectively. ( denotes the Riemann zeta
function. The arithmetic function w is defined by w(m) = > 1, namely the
number of distinct prime factors of m.

plm

X, is the set of all Dirichlet characters modulo g. X is the set of all primitive
characters in X,.

For any ¢ € N and any symbol v, we shall write v; = (vy,...,v;). We shall also
use the notation vg. In this case its meaning should be clear from the context.
Any empty product is equal to 1, so in particular p;- - -p,=1 when r = 0.

The space of functions with continuous partial derivatives of every order on
their domains is denoted by C*°, and functions therein are called C*°-functions.
A function with zero variable is treated as a constant.

Finally, we use A to denote some large constant, which may differ in each
occurrence. Similarly, we use ¢ to denote some sufficiently small constant, whose
value may vary each time.






Chapter 2

Preliminaries

2.1 HB-admissibility

Given an admissible k-tuple £ = {Ly, Lo, ..., Ly}, where L;(n) = a;n+0;,
we begin by making the restriction that n only comes from a certain arithmetic
progression. This idea occurs in [10]. In this way, £ is transformed into another
admissible k-tuple which possesses a number of nice properties, thus simplifying
our subsequent argument.

Let
H = ( H CLZ‘) < H |aibj — ajbi|> .
1<i<k 1<i<j<k

Note that H # 0. For each p|H, since £ is admissible, there exists m, such that
p 1 TI., Li(m,); and by the Chinese Remainder Theorem, there exists B € N
such that B = my(mod p) for all such p. Our restriction is that n = Hm + B,
and this results in the k-tuple £* with af = a;H and b = a;B + b;.

Observe that b} = a;B +b; = a;m, + b;(mod p) for each p|H, so we have
(bf, H) = 1. Tt follows that (b, H?:l a;) =1, and that the congruence Lj(n) =0
(mod p) has no solution for any p|H. On the other hand, for each py { H, we
have pg 1 a}, so the congruent Lf(n) = 0(mod py) has a unique solution modulo
po. It is not possible to solve

{ L;(n)

=0 (mod po)
L;(n) =

0
0 (mod po)

simultaneously for distinct ¢ and 7, for otherwise

{ aing + b =0 (mod po)

ajng +b; =0 (mod py) a;bj — ajb; = 0 (mod po)
a;b; —a;b; =0 (mod py) (by po1 H)

a;bj —ajb; =0 (mod po)

R

po|H, a contradiction.

15
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Therefore,
w_ |k ifptH
w(L7) = { 0 otherwise.

We now show that £* is an admissible k-tuple. This follows immediately from
the following lemma.

Lemma 2.1.1
If pt H, then p > k.

Proof
Suppose p1 H. Then by the definition of H, we have

p'f ( H ai) ( H |a7;bj - ajbi|> .
1<i<k 1<i<j<k

Since p { [[5_, as, for each i the congruence Ly(n) = 0(mod p) has a unique
solution modulo p. If the congruences L;(n) = 0(mod p) and L;(n) = 0(mod p)
can be solved simultaneously, then we have a;b; — a;b; = 0(mod p), which is
impossible unless ¢ = j. Hence, we have v,(£) = k. Since £ is admissible, it
follows that p > k.

Q.E.D.

Definition 2.1.2
A k-tuple £ = {ain+0by,...,apn+b;} is called HB-admissible if it is
admissible, and by letting
k
A= H a;,
i=1

the following hold:
(i) a1,...,ax are all composed of the same primes, and (A, Hle b)) = 1.
(i) If pt A, then p > k and v,(L) = k; else if p|A, then v,(£) = 0.
(i) For i # j, all prime factors of a;b; — a;b; divide A.
Our previous discussion shows that £* satisfies (i) and (ii). Noting that
a;by — azb; = H(a;b; — a;b;), we see that £ is HB-admissible. Thus, from now

on we are allowed to assume that the admissible k-tuple under consideration is
HB-admissible. It also follows from Definition 1.1.3 that for a HB-admissible

k-tuple £, By y
ce-T(=) T{(-) ()
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We close this section by the following proposition:

Proposition 2.1.3

Let {ayn+0by,...,axn+by} be a HB-admissible k-tuple. Then for any n € N,
we have

(a) (am+bi,an+b;) =1 fori#j; and

(b) (an+b;, A) =1 foralll <i<k.

Proof

(a) If pla;n+b; and plajn+b;, then p|[(a;n+0b;)a; — (a;n+b;)a;], which implies
pl[bia; — bja;], so pla; by condition(iii) and (i) in Definition 2.1.2. It then
follows from pla;n+0b; that p|b;. This contradicts condition(i), namely
(ai, bz) =1.

(b) Suppose p|a;n+b; and p|A. Since p|A = p|a;, we have p|b; as well, contra-
dicting (A,b;) = 1.

Q.E.D.

2.2 Asymptotic formulas for (): Initial Step

5, be a real-valued arithmetic function in dy,...,0;, where D is

-----

a parameter. We assume that AP 5 = 0 if any & > S, where the support
S = S(N) is a function in N.

I. Preparation for Q)

Suppose £ is HB-admissible. We would like to find an asymptotic formula
for the following sum:

N<n<2N | 6§1|aintb1 (5~1\a1n+bl

81 |agmtby, gk‘ak‘n‘\'bk

By changing the order of summation, we get



18 Chapter 2. Preliminaries

2. M ),
51,08 N<n<2N
31,...,gk Al‘al'n‘\'bl

Ap|agntby

where we write for brevity
._\D Y -— \D : 5
A= )\517---75k’ A= )\gl ..... gk, and Al = [57,’51]

By Proposition 2.1.3, the outer sum can be restricted to (A;,A;) = 1
and (Ay---Ap,A) = 1. By (Ay---Ag, A) = 1 and the fact that all a;’s and
A are composed of the same primes, we see that there exists m; € N such
that A;la;n+b; & n = m(mod 4A;). Since (A;,;A;) = 1, we have, by Chinese
Remainder Theorem, there exists my € N such that

Q= > M 3 Z)\)\ 0 S

81,0k N<n<2N 5.5 g
51,500 n=mg(mod Aq---Ag)
(Ai7Aj):1

(Aq--Ap,A)=1

il
where we use Z to denote the sum Z

8:,0i O150,0k
A
(A, A5)=1

(Ap-Ap,A)=1

II. Preparation for @),

Without loss of generality, we would like to find an asymptotic formula for

Qj = Z vj(arn+by) Z )‘61,, Z )‘D,...ﬁk ’

N<n<2N d;|aimtb; 5 |aimtb;
(1<i<k) (1<i<k)

where v; : N — {0, 1} satisfies 7;(m) = 0 if m is not an E;-number. The function
~v; will be specified in the subsequent chapters.

By changing the order of summation,

ﬁ ~
Q; = AN ylantb)
5:.5; N<n<2N
o Ajlaintd; (1<i<k)

= Z Zﬁ )\X Z vj(a1n+bl).

r=0 4.3 N<n<2N
w(Ap)=r Ajlaintb; (1<i<k)



2.2. Asymptotic formulas for (): Initial Step 19

Let m = ayn+b;. By (Ag---Ag, A) = 1 and the fact that all a;’s and A are
composed of the same primes, we have, for any ¢ > 2, there exists m;, m} such
that

Ailain+b; & n=m; (mod A;) & m =m! (mod A;).

It follows that

Q = Y, Zﬁ A > i (m).

r=0 51_73; a1 N+b1<m<2ai1 N+by
w(Aq)=r m=bj (mod a1) '
m=m/(mod A;)(2<i<k)
Ailm

We now make two assumptions about the support of A and ;. Firstly, we
suppose that S < NY2. With this, when » = j so that w(A;) = j, since
A < 5151 < §? < N, we see that the sum over m vanishes. Secondly, we suppose
that v;(m) = 0 if the least prime factor of m is not greater than ¥ =Y (N).

Under these assumptions, we have

(21) o - ¥ YA 3 7 (m).

r=0 Y<p1<--<pr 5:,04 a1 N+b1<m<2a; N+by
(Prpr,A)=1 Ay=p1--p, m=b1(mod a1)
m=m/(mod A;)(2<i<k)
p1-pr|m

By the Chinese Remainder Theorem, there exists mg such that

m = by (mod ay) B
{ m =m/} (mod A;)(2 < i <k) < m=mg (mod a;Ag -+ - Ag).

On the other hand, since (p;--pr, a1+ Ag) = 1, there exist ¢;’s such that
pi¢; = 1(mod a1As - -+ Ay). Hence, the innermost sum in (2.1) is

- >, v(m) = > o)

a1 N+bi<m<2a; N+by aj N+by << 2a1 N+bq
m=mg(mod a1 Az--Ag) p1-Pr = propr
p1--r|m £=moqi--gr(mod a1Ag--Ay)

— > ltpp) +0(1).

{=moq1---qr(mod a1 Az---Ay)
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For py,...,p, with Y <p; < --- <p,, let v( - [p1,---,pr) : N = [0,1] be a
function such that, for any ¢ € [z%pr’ %], we have v;(¢|p1,- - -, pr) = v;(€p1- - -pr)
if (¢,p1---p,) = 1. In particular, when r = 0, we have v;({|p1, - -, p,) = 7;(¢) for
¢ € [N,2AN].

Write pr = (p1,- -+, pr). The main term in the last expression becomes

- > ey +0 2. 1

a N 2a1 N a1 N < 2a1 N
pP1-Pr —P1Pr pP1Pr —P1Pr
£=moqi1--gr(mod a1 Ag--Ay) £=moqi--gr(mod a1 Ag--Ayg)
(£7p1p7‘)>1

The O-term above is trivial when » = 0. When r > 0, it is

< Z 1 +.F Z 1

a N < 2a1 N a1 N < 2a1 N
pP1Pr-pP1 —P1Pr-P1 p1Pr-Pr — P1Pr-pPr
{=moqi--qr-q1(mod a1 Ag--Ay) {=moqi--qr-qr(mod a1 Ag--Ay)
< N ! + + N ! +1
5 ..
pEpr Do A proep2 Do Ay
N 1
< +1,

Ypipr Dy Ay

by noting that ¥ < p; <. < p,.
Let

8%(.|pr)(x;q,a) = Z 7j(€|pr)_@ Z ’Yj(£|pr)7

r<l<l2z < 0<2z
£=a(mod q) (6,q)=1
Ecpn (@) = max €y py (70, 0)]-

Then the innermost sum in (2.1) becomes

1 * alN .
plarDg - - Ay) Z v (llpr) + 0(8 (p‘")(—pr’alA2 Ak))

N 1
+ O +O(1).
(oo is ) +O0)
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We conclude that

Q = Y. > Z alAg A > tpe)

r=0 Y<p1<--<pr 5:.0; N g 20N

(Pl Pr, ) 1 A1=p1-pr &1;17227:;)23

+0 Z > Z AL E (oo <—]Ym;a1A2...Ak)

r=0 Y<p1<--<pr 5275

A1=p1-pr
Jj—1 Y
IAX|N 1
+0 > oY Vor - By o| '
r=1 Y<pi<-<pr 4,3 3:,0i
A1=pr-pr

Finally, we make two remarks:

(i) Write \s, for /\g,.--,ék’ Xgl for )\gﬁ ~ . The sums over pi,---,p, can be

01,0050

restricted to those py- - -p, = [01,01] such that )\51}:51 #0

(ii) By changing the order of summation, the main term in the formula above

is
j1 . Py
2 : Z [2[51,51]2171"% )\51 )‘61
— ¢(Cl1 2 k)
r=0 Y<p1<--<pr @N _y 201N 82,0
P1Pr Z—Apl;m 3‘2’.”’&
(Pl"pr 5 )_1 (Al,AJ):l

(Ag--Ap,Apr-prl)=1

III. Summary and Transition

We first summarize the results obtained in this section.

Definition 2.2.1

For any arithmetic function h, we define

En(x;q,a) = Z h(f) — Z h(¢

r<b<2x :t<€<2:(;
{=a(mod q) (£,9)=
Er(r;q) = max |E(x;q,a)l

(a,9)=1
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Theorem 2.2.2

Let £ be a HB-admissible k-tuple, and let \Y 5 be a real-valued arithmetic
function in o1, ..., 0, where D is a parameter. Suppose )\3_ 5 =0 zf any 0; > S,

where S = S(]NV) is a function in N. Write X = X5, = A5 5, X = )\~ = )\?1’ 5

(a) We have

ol X M) X

N<n<2N \é;|a;ntb; b4l aimrtb;
N
= 2 MyxToa ol 2 M
01550k Lk
51400 0150050k
(A,A5)=1
(Ar-Ag,A)=1

(b) Suppose S < NY2. Let j > 1 and suppose v; : N — {0,1} satisfies
v;(m) = 0 if m is not an E;-number, or if the least prime factor of m is
not greater than' Y =Y (N).

Also, for any 0<r<j—1, and any py,...,p, withY <p; < ---<p,, suppose
N 24N

V(- [pr) : N = [0,1] is a function such that, for any { € [, 22, we

have v;(£|pe) = v;(pr---pr) of (,pr--pr) = 1.,

Then

Z vi(ain+by) Z A5 6 Z )\51,,

N<n<2N dilasntb; 5 laintb;

[2[5151]=p1"?r /\61 >\31

ji > > e Y.

By A
r=0 Y<p1<--<pr _a1N_ <p< 2a1 N 524000k ¢( 1232 k:)
p1-Pr E*Apr_'qfr S A
(pr-prt,A)= (A3, A;)=1

(Ag--Ay,Apr-prl)=1

j—1
2D S SRR CLR Y

r=0 Y<p1<--<pr 1,...,0k
51400k
(Aq,A5)=1
(Aq-Ag,A)=1
Ay=p1--pr
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Jj—1 Y
AN 1 ~
oY Y % Lo X |,
1 Yep <o Ypio-pr Do Ay,
r= P1<-<Pr 01,...,0% 01,4e-,0k
5100k 81Ok
(AiAj)=1
Ar=pr-pr
where the sums over py, - -, p, are restricted to those py- - -p, = [01,01] with

Ao Az, 7 0.

We have set up a general framework for subsequent work. In the remaining
parts of this chapter, a number of preliminary lemmas will be established. We
shall collect some basic results in the next section. In Section 2.4, we shall deal
with various iterated objects. Finally, we shall prove a variation of Bombieri-
Vinogradov Theorem in Section 2.5. The reader may skip the material until they
find themselves necessary to refer back.

2.3 Basic results

Lemma 2.3.1 (This is an exercise in [14, chapter 7])
Let ¢ € N be square-free. Then there are exactly 3°9 pairs of q1, qa such that
[1,02] = ¢-

Proof

All ¢1, g2 such that [¢1, ¢2] = ¢ are square-free and composed of some of the
primes in ¢. They can be constructed by requiring, for each p|q, exactly one of
the following holds:

(i) plg1 and p 1 ¢o (ii) pt ¢1 and p|go (iii) p|¢1 and p|ge.
It follows that the total number is H 3 = 3v@

plg

Q.E.D.

Lemma 2.3.2

)w()

2 h q
For h € N, we have Z w < log" N, where the implied constant only
q

q<N
depends on h.



24 Chapter 2. Preliminaries

Proof

1
By Merten’s formula, we have H (1+—) < logN. Hence
p

p<N

Zﬁ <HO+> QO+)<@W.

q<N p<N
Q.E.D.
Lemma 2.3.3

1
(a) There exist co,to > 0 such that {(s) = O(log|t]), O] = O(log|t|) in the

s

region 1 — }ggﬁ“) <o <20t > to.
1

(b) For the ty that occurs in (a), we have ((s) = (’)( ) in the region

s = 1]
0<0 <2t <t

Proof

(a) It follows from the results in [18, section 3.5 and 3.11] and the fact that
¢(5) = C(s).

(b) It follows from the fact that ¢ is a meromorphic function with a single
simple pole at s = 1.

Q.E.D.

Lemma 2.3.4
Leta € R, a# 0 and n € N. Then

d
(i) / |’ S‘| < ﬂ +logT for T > Ty; and
s

{a+it:—T<t<T}

d 1
(ii) / “ Fl < H—l if n > 2, where the implied constant only depends on n.
n a n—

(a)
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Proof

(i)

T 1 T
d 1 1 1 1
/ M:/—1cz15§ —du—|—2/—dt<<—+logT.
|5 (a2 +2)2 |al t |al
{a+it:—T<¢t<T} -T -1 1
(ii)
d T 17 1
/ﬂ _ /—ndt - / ol e L
Sl @) ) e S T

Lemma 2.3.5

Let €,k € N; pg, 0>0; b =0 or 1. Then there exists a = a({, K, @) > 0 such
that P: [[*,H_, — C,

(

R 14 14 14
[1 o p— bz (p‘PSi + pPsi - p@SiJr«p?i)] X
~ ~ i=1
P(s1,81,.., Sk, Sx) = H

K —L —/ l
p>po . 1 N S
| | pltesi pl+s0§i p1+sosz'+so§i

\ =1 y,

15 defined, the convergence is uniform, and P is bounded.

Proof

Let O, = O(p~'®), where the implied constant only depends on ¢, x and ¢.

First, note that for all o;, 0; > —c, the factor in the square brackets is

- 14 14 14
I -)+o,
1+ps; 1+ps; 14+psi+ps; p
Py p ¥© p ¥ p psiTe

On the other hand, for o;, 0; > —c, we have

K —L —L l
1 1 1
H (1_p1+<psz- ) <1_p1+§05~i ) <1_p1+wsi+w§¢ >
t 14 14 14
- H(l + pltesi + Op) (1 + p1+<p€32 + Op) (1 o plﬂoswwé’l + Op)

~ 14 14 14
- H(l + pltesi + plﬂosi' - p1+‘1957l+§0§:£ + Op) )
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We now expand the product above, which is equivalent to choosing x times one
of the five terms in the bracket and then multiplying them altogether. Note that
if two or more terms chosen are not equal to 1, then the term produced is O,.
Hence, the expansion results in

a l 4 4
143 (o + v - -)+on
+ S; 1+ S; 1+ Si—‘r S; p
Py D ® p ¥ p ® ®

Therefore, uniformly for all o;, 0; > —c, the factor in the curly braces is
1+ O,. The results follow.

Q.E.D.

2.4 Iterative matters

Lemma 2.4.1 (Morera’s Theorem)

Let G be a region in C and let f : G — C be a continuous function such that
fo = 0 for every triangular path T in G; then f is analytic in G.

Proof
See [3, IV.5.10].

Q.E.D.

Proposition 2.4.2

Let f, : [T, H_, — C be a sequence of functions in C*° such that f, — f
uniformly on its domain. Then given any € >0, and any differential operator of
the form

omr o™
=
ds;m 0Os;)

o,

we have 0,(f) exists and 0,(f,) — O.(f) uniformly on [[;_; H_qire. As a result,
we have f € C™.

Proof (c.f. [3, VIL.2.1])
This is proved by induction on r. The case r = 0 is trivial.

Suppose now 0,(f) exists and 9,(f,) — 0,(f) uniformly on [[;_, H_,1,.. By
Lemma 2.4.1 and the uniform convergence of {0,(f,,)}, we see that 0,1(f) exists

K
on Hi:l H_a+7~5 .
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Moreover, for any z, € [[_ H_,1(41)., let C be the circle |s;,, — 2, ,,| = ¢
described in the positive sense. Then

|8r+1<f)(zli) - arJrl (fn)(zn)‘
Myi1! [ (Op(f) = Or(fu)) (215 Sivprs -5 2n)
o=

dS’ir'+1

271 Sipi1 = Zipgy )T

mr+1! 277'5
2 emrt1tl

sup |0, (f) — 0-(fn)]-

This implies 0y41(fn) = Op41(f) uniformly on [T}, H_ 44 441y, and the induction
step is complete.

Q.E.D.

Lemma 2.4.3
Suppose G(s1,81, ..., 5k, Sx) is a C®-function on Hfjl H_,, and let

K

" - - - 1
F(81,81, -+, 8k, 80) = G(81,81, .-, 8k, 8r) X [H ~~‘] ,

i (50 &) lisys”

where ;. d;, CZ € N. Define

Ry=f, R {Reg{Res{R@}}} Ry = { }i€_3~{R®}} :

and in general, given v € {0,111, we define R, by

fan)) o -

{ Res~{Rv}} if i=1.

8;=—35;

Ry =

Fiz 1 < j <k andv € {0,1}71. Let v,,...v, be all the entries in v
having value 1, vy, ... vy, be all the entries having value 0, so that [+ 0= j—1.

~ — ~ 2 ~
Then when we fix (57, 84158115+ 5%, 55) € [lig; H(o.a), fir 57 € Hoa) for
T =Ti,...,7, and regard R, as a function of s; on H_,, the only possible poles
of R, are at s; =0 and s; = —s;.

Furthermore, when we fit (Sj+1,5j51,- -+, Sk Sn) € HZ oji1 Hoa) » fiz

5; € Ho,q), and regard {Reg{Rv}} as a function of s; on H_,, the only possible
Sj=
pole of it is at 5; = 0.



28 Chapter 2. Preliminaries

Proof
This is proved by induction on j.

(i) Suppose j = 1. Fix (s1,...,54,5:) € Hl o H0,0)- When we regard Ry as a
function of s; on H_,, the only possible poles are at s; = 0 and s; = —s7,

since G is analytic in s; on H_,. To find {Rgg{R@}}, we consider the

series expansion of f at s; = 0. The series expansion of G is

Gl .+ oG 5?2 0*°G N

— S+ —— - . - e

220 Osy |, Ly 20 08T,

The series expansion of —) is, by 7 ) =32,C"" s when |s| < 1,

£y+r— 1
- Z C ~f1+r )

These expressions, together with the fact that G € C*°, show that when we
fix (52,82, 8 6n) € [[ 03 Hio.a) and regard {Res{R@}} as a function

of 51 on H_,, the only possible pole is at s; = 0. To find the residue of this
pole, namely Ry, we can consider the iterated series expansion of f, first
at s; = 0, and then at s; = 0. The “coefficient” corresponds to % is the
required one. Since such an iterated series expansion of G is

S gt

1
ZZ milmy! 9§ as™

m1 mi

Y

51=0,51=0

we see that
ul 1
Ry =G — 1,
where G(o) = G(0)(52, 52, - - - ; 5k, 5x) is a C*°-function on Hf’;l_z H_,.

We get R(1) in a similar way. Given (s1,..., 8., 5,) € HfﬁQ Ho,q), by con-
sidering the series expansion of f at s; = —s7, we see that

- 1
R =G 1 | | - | >
(1) ( ) pales (37; + g;)gzsillggdl]
where when 51 € Hg) is fixed, Gy = Gu)(s2,52,...,54, 54 51) Is a

. 262
C>°-function on [[7 "H_,.
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(ii) Suppose for 1 < j <k, v € {0,1} !, and (s5,,...,5,) € H221H(0,a) fixed,

we have
. 1
Ry =G — |,
(v) (v) [g (Si + !’S‘;)Eis?igdi]
where Gy = G)(5j,55, -+, Sk 8k} Sr15-.-,57) is a C®-function on

HfZIQj 2 H_,. Then by exactly the same argument as in (i), we complete
the induction step.

Q.E.D.

Lemma 2.4.4

Let ¢,b > 0, and let w,x € N, w > k. Suppose that the set {1,... ,w} is
partitioned into a disjoint union

For any w ordered positive integers my,, let M; = M;(my,) = H mf for1<i<k.
JES;
Then for any dy,...,d., > 2, d; € N, and any x4, ...,x. > 0, we have

o0

K ) d;—1
Z (., g (logL—:) =

My, Mypy=1
M;<z; (1<i<k)

Mo [+ ] 2 m I

(b)  (p) T

provided that Z H W| converges, and that for each i, x; # M, for all
mi,...,Muw

possible M;.

Proof

By the calculus of residue, we have

(logy)?—
2mi | s
(®) 0 if0<y<1.

ify>1;
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Hence, for all sufficiently large B,

00 d;—1

Z (., g (log;&—ii) =

My, Mypy=1
M;<z; (1<i<k)

| 5 Ham}vwsﬂ " oy ds

() (o) T

Given £ > 0, by Lemma 2.3.4(ii) and the assumption that mz %
converges, 3By such that for all B > By,
(di —1)! a
_ Ymy d
27rz / / mz T, M7 H o
(b) ms; > B, f07r some 1
H“ |am, | 1.0 [ ldsi|
< =0 L ,
COY e |
m; > BO for somei (
The result follows.
Q.E.D.

Lemma 2.4.5

For 1 <i < &, let C; be the circle |s;| = d; described in the positive sense.
Then

/ / / (S1y.-vySk1,84)dS1 -+ - ds,_1ds, =
I‘C 1
/ / e /@(S,{&, ey Su€ht, Sk) - S:_1d§1 o d€_1ds,,
C.cl_, !

where C} is the circle |&;| = d;/d, described in the positive sense.

Proof
Observe that

. ia&—l
L.HS. = // / (3 cche ...,S”d“‘dle ,s,@>><

Cn nd ndn— i1
s Clize 8 ;ze o, - db_,ds,

= R.H.S.
Q.E.D.
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Lemma 2.4.6

Let F : |a,b] x [c,d] — R be continuous. Suppose f,g are two continuous
functions defined on [c,d] such that a < f(y) < g(y) < b. Define G : [c,d] — R
by

9(y)
G(y) = /F(a:,y)dx.
fw)

If F, f,g € C*®, then so is G, and

g(y)
% — g—z(x, y)dz + F(g(y),v)d' (v) — F(f(y), y).f'(y).

()

Proof
This can be found in e.g.[20, Chapter 10, section 7.3].

Q.E.D.

Lemma 2.4.7 (Riemann-Stieltjes Integration)

Write “f € RS(«) on [a,b]” if f is Riemann-integrable with respect to a on
[a,b]. We have the following propositions.

(a) If f € RS(«) and f € RS(B) on [a,b], then for all ¢;,co € R, we have
f € RS(ciae + ¢28) on [a,b] and

b b b

/fd(cla+026):cl/fda+02/fd6.

a a a

(b) If f € RS(a) on [a,b], then o € RS(f) on [a,b] and we have

b

/b fdat [adf = f0)a) - fla)a(a)

a

(¢) If f € RS(a) on [a,b] and o has a continuous derivative on [a,b], then
ff f(z)d/(z) dx exists and

b

/fda:/bf(x)a’(x) dz.

a
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(d) Let v be a step function defined on [a,b] with jumps oy at xy. Suppose f

is a continuous real-valued function defined on [a,b]. Then fabfdoz erists
and

b
[ Fda=3"
a k=1

Proof
See [1, Theorem 7.3, 7.6, 7.8 and 7.11].

Q.E.D.

Proposition 2.4.8

J
Let j € N and V; : []ae, be] — R be a function in C*, where a; > 1.5. For
=1

1<i<j—1, let fi,g; : [Ilae,be] = [ais1,bi41] be functions in C* such that
=1
fi(yi) < 9i(yi)-

% i

Define Z; : [][ae, be] = R, Vi : [][ae, b] — R recursively from i =j toi =1 by:

=1 =1
Vilys) 9j—1(¥5-1)
—_ i\Y; _
Zi(y;) = lég;}, Vici(yj-1) = / Zi(yj-1, uj)duy,
J
fjfl(Yj—l)
V( ) gi—l(yi—l)
i\Yi —_
i(Yi) - log y; ) ‘/2—1(yi_1) = :i(}’i—lyui)dui,
fi—1(yi-1)
Viys) f
Eily1) = l(l)gy; ) Vo = /El(ul)dul-

al
Let fo(Po) = ay, go(po) = by, and write

I(x) = Zlogp:x%—iﬁ(x),
p<x

gi(Pi)/

D

fi(p1) fi(p1)<pi+1<9:(Pi)
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Then
go(po g1( p1 gjfl(pj71)
Z Z - Y Vilp) =Vo+Ri+--+ Ry,
fo(po) f1(p1) fi—1(Pj—1)
where
go(po,) gl(pll) 9172(Pi72) gi—1(Pi—1)
Rz = [m(uZ)E’L<pl luuz)]
fo(po) f1(pP1) fi—2(pi—2) wi=fi_1( )

yi
fi—1(pi-1)
Proof
This is proved by induction on j.
1. When j =1,
LHS = > Vi(p)
a1<p1<b;
by v
= / 1(u1)d19(u1) by Lemma 2.4.7(d)
log u;

al

b1
— /Mdul+/%(ul)d%( 1) by Lemma 2.4.7(a),
log u, log u,

al ai

since the integrand is in both RS(dJ(u;)) and RS(uy).
The first term is V4. The second term, by Lemma 2.4.7(b) and (c), equals

u1=g0(Po) (po)
[%(ul)El(ul)] - / = (ug)R (w1 )y — Ry,
ui=fo(Po)  f4(po)
It follows that L.H.S. =V, + Ry = R.H.S.
2. Suppose the statement is true for j = r. When j =r + 1,

go(po) g1 p1 gr Pr

LHS. =Y Y Y Via(pen):

fo(po) fi(p1) fr(Pr)
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By the argument in 1., this is

go(Po) g1(pP1) gr—1(Pr—1)
D DN D DI D )
fo(po) f1(p1) Jr—1(Pr—1)
gr(pr)v ( ) UT+1=gr(pr)
T pl‘7 u"" —
%durﬁ-l + | R(trg1)Zr41(Prs Ur11)
0g Ur+1
fr(pr) uT+1:f'r(pr)
gr(Pr) _
el
- (Prs 1) R (U y1)dttr 41
ayr—i—l
fr(pr)
go(pol) 91(p1/) grfl(prlfl)
= Z Z e Z ‘/T(pr) + RT+1'
fo(po) \ fi(p1) fr—1(Pr-1)
Now V; : []las, be] — R given by
/=1
gr(yr)
‘/;"(Yr) - Er+1(Yr7 ur+1)dur+1

fr(yr)

is in C*> by Lemma 2.4.6. Therefore, we can apply the induction hypothesis
to conclude that L.H.S.=Vo+ R+ -+ R,.1 = R.H.S.

Q.E.D.

Proposition 2.4.9

Let N <Y < N?*. Suppose fi, g; : []lae,be] = [air1,bi01] (0<i<j —1) are
=1
C*>®-functions satisfying the following properties:

(1) Y < filyi) < gi(yi) < N.

(ii) Forallyy,...,y; such that fo <y1 < go, ---, fi—1(¥j-1) <yj < gj—1(¥5-1),

we have > N¢ .

Yooy

Ohy/0y; 1 :
(iii) %(ul) < — forany 1 <i <1< j—1, where h is f; or g;, and the
[ U;

implied constant lonly depends on h;.
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Then when we apply Proposition 2.4.8 to
(logy,)™

-+ (logy;)™

Vily;) =

Y1 -+ yjlog
Y- Yj

where mq . ..

m; are non-negative integers, all the R; that occur are K

log" N’

where A can be any positive number. The implied constant only depends on A,

.
e, g, 73, fi, g; and m;.

Proof
By induction on ¢ from ¢ = j to ¢ = 1, we see that

gi(y1)  gi-1(¥istig1,eu5-1) N 1
Zily:) = (bg )
Y- Yilhiyr - - Uy
fi(yi) Fi—1(¥i,%it1,e5U5—1)
(logy1)™ - - - (log y;)™ (log u;y 1)+t - - - (log uy)™
de te duiﬂ.
Y1 - Yie1 (Y logys) (wig1 loguigr) - - - (u; logu,)
Observe that if Y < y; < N, then
(4) (log y;)™ yi (logy)™ 1
“(yilogy)  loghy; (vilogy:) — log"N

Here we have used the prime number theorem: For any A > 0, we have

u
Ru) < ——,
(w) logAu

where the implied constant only depends on A.

Hence, by property(i) and (ii), we have

go(po/) 91(p1 gi— 2(1)1 u;=g;—1(Pi—1)
Z Z [ uz =i pl lauz)]
fo(po) f1(pP1) fi—2(Pi-2 ui=fi—1(Pi—1)
lo - (log pj_q )™t 1
< 3 (logp)™ - - - (log pi—1) L
Y<p1<N Y<p2<N Y<p;_1<N b1 Pi1 log N
p T 1 |
mz+1 e L\
X / / o8 UZ—H ( o8 U]) duj .. -duz‘+1
(w1 loguigr) - - - (u; logu,)
Y Y
< 1
log" N’

Therefore, if we can show that

0=,

-+ (log pi—1)™-1 log" N

_(p'—l U) < (logpl)ml

2.2
22) Iy pi-

*Pi—1

2 )
U
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then
go(Po) g1(P1) gi—2(pi_2) 9i—1(Pi-1) _
/ / / 0=,
3 . / = (b, ) R,
fopo) f1(p1)  fi—2(Pi-2) 5, (p; ) Yi
1 1 T
o) mi ., .. 0 i— mi—1 ]_
< 3oy oy CenT et [,
Y ) D1 Di-1 u; log" N
<p1<N Y<pa<N Y<pi—1<N v
< 1
log" N’
and the proof is complete.
0=, :
By Lemma 2.4.6, a—(pi,l, u;) is a sum of the term
Yi
gi(Pi—1,ui)  Gi—1(Pi1,UissUj—1) ' '
(log p1)™1 -+ (log p;_1)™i—1 . (10g ui+1)mz+1 ... (log Uj)m]
P1-Pi-1 (wir1loguiyy) - - - (ujloguy)

fiPi—1,ui)  fi—1(Pim1,Uiyests—1)

0 [(logy)™ (10g N )
Dy (yi 10&%’) P1 - Pi—1Yilit1 - - Uy

and terms of the form

duj o duig,

Yi=u;

9i(Pi—1,u3) 91—1(Pi—1,%iru1—1) G141 (Pie1,WiseUl41)

i(logpl)"“ -« (log pi_q)™i- /
P1:Di—1

Ji(Pim1,u;) fi—1(Pim1,isesui—1)  fry1(Pim1,Wiysui41)
9j—1(Pi—1,UisesUj—1) N -1 1
0 U mi ., . oC U mj
<log > (log u;) (log uy)
D Uj

1Pt (i logu;) - - - (u; loguy)

fjfl(pifh’ui,...,uj,l)

oh
@—J(Pi—17 Uiy - - - 7ul)duj o dugpoduy - dugg,
where w1 equals fi(pi—1,ui,...,u) or g(Pi_1,u;,...,u), and hy(y)) equals

fi(y1) or g(y1) accordingly.

To deal with the first term, note that for any M > 0 and any non-negative
integer m, we have

/

(logu)™ _ (logulog)m(logu)™ ' — (logu)™ (logulog* +log —logu)
M| ) M\ ?2 '
ulogulog— u?log“u (log—)
u U
M log" N
Provided that Y <u < N and logN > log— > log/N, this is < ng , Where
u u

the implied constant only depends on m and M.
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Hence, by property(ii), the aforementioned first term is, after dropping the

1 LLL2 1 i— mi—1
factor (log p1) (log pi-1) )
P1-Pi—1
ToT (1 ] log® N ] AN
og U; mz-‘rl... ogu.: )™ lo lo)
<</ / gUit1) (log u;) g2 duj.‘dz+1<<g
(uig1loguiyy) - - - (uyloguy)  u; u;
Y Y

To deal with the remaining terms, we make use of property(iii) . After dropping
the leading factor as above, each of them is

O v 1)
ayz pl—].)u’L?- .. 7ul d'u,] .. ‘dUl+2dUl . ‘du,LJrl << logAN

N N
<</./ 5
U; hz(piq, Uiy - - ,Ul) Ui41 - - WU42 - Uy U;

Y Y

This shows (2.2). Done.

Q.E.D.

2.5 FEj;-numbers in arithmetic progressions

Recall Definition 2.2.1. Throughout this section, we assume z is a large real
number, and our aim is to prove the following result:

Proposition 2.5.1

Suppose x* <y<a:%, y?<t<wz,a €N. For any A > 1, h € N, there ewists
B = B(A,h) such that

3 B QhOE (x5 ag) € — 5,
" log™x

s alogB(z)

where E can be any one of the following:

1 ifm=pips, y <p1 <t <po
E = ’
(2) E(m) { 0 otherwise;

_ Sl ifm=pipi, y<pr<p2<---<pj
(b) E(m) —{ 0 otherwise,

where j is any integer > 2;
(c) E(m) = w(m).

The implied constant only depends on A, h, and € for (a) and (b).
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We begin by several lemmas.

Lemma 2.5.2
Let M = 2%, where 0 < e <0 <1—¢, andlet0<c<%. Define

@n:{ L of M <m < 5, misaprime and 2° <m < a9,

0 otherwise,

where d > d > 0. Then for anye > 1, f > 1, (a,f) =1, A> 1, we have

<>
(2.3) >, B = 575 Z 5m o

m=a(mod f) (m ef)=
(m,e)=1

where the implied constant depends on A alone and so is uniform in 0,c,d,d, f.

Proof
If 24 < 2, then the L.H.S. of (2.3) is zero. Let’s assume x4 < 2L

1+c’
When f > log?* M,

1

m=a(mod f) M<m< 12iw
M<m< 12_]:_/[6

M log f

< +—+1< —+ 1«
fof) / / log"
On the other hand, when f < log?* M,
7(f)

L.HS. < > ﬁm_ﬁz% +2or(e) +

m=a(mod f)

<| ¥ wm--— w(m)

m=a(mod f) ¢(f) mgmin(% zd")
m<min( fﬁ,xd/)
1 lo
+ Z w(m) — i) w(m)| + 27(e) + \/?f 8/
m=a(mod f) m<max(M,z4)
m<max(M,z%)
. d o~ 2M Mr(e)
By Siegel-Walfisz theorem[4, Chapter 22] and z% < £ o this is < AN
og

Q.E.D.
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Lemma 2.5.3 (c.f. [2, Theorem 0])

Let0, ¢, ¢, B, be that in Lemma 2.5.2. If o, is supported in [2'79, (14c)x' 7Y,
lam| <1, then for any A > 1, there exists B, which only depends on A, such that

Z *qu ILA’

ogw

= logBu)

where

a* B(m Z afmyd-

The implied constant only depends on A and €.

Proof

Since

Euswe) = S IS v - = ST axp)

r<l<2zx ¢<q> XE€EXq ¢< ) r<t<2x
(L.q)=1
N S @AM
B X%;QX( )x;% o(q)
X#X0
- Ly (z anm)) (z amx<m>) ,

we have

Z maX ’ga*ﬁ r;q,a S Z ¢ Z

L xeX
logB () logB(z) x;éxo

> Bax(n

n

Zozmx ‘

q<

Let x be induced by 1) mod f, where ¢ = fe, f > 1. Since ¢(fe) > &(f)d(e),
the right hand side is

IN

-
—

v L > LSS s | S ani(m)
e) o(f) VX |0

NG
8§logBaEz) 2<f< =1 (m,e)=1

=) @Te(fsmwfw» where F:=log""a.
NE

S loeB ()

e logB (z)
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By Cauchy’s inequality,

2\ 1/2
Tr=0 = Z | X i) o
2<f<F VX | B
24 1/2
> s | S et
L2<f<F 1/J€X (mZL):l
Since
> Gtn) = > > (e
(n,;l):l a€(Z/f7)* n= a(mo_d I
n,e)=1
@D
a€(Z/fZ)* n=a(mod f) ac(Z/ fZ)* (nef)=

(n,e)=1

fMr(e)

logZ A9 )
Chapter 27 Theorem 4]), it follows that

so by Lemma 2.5.2, this is < . By the large sieve inequality (e.g. [4,

1/2
f2M2 2 . 1/2
T(f<F) < { Z o 5A+18M {F +a'” Z]am|}
2<f<F 08
< F32 M7 (e) 1 z7(e)
log2 AT 0 log" g
This gives
Z 1 T.(f < F) < x Z ( )logx<< zlog’x x
—T.(f < _ T(e .
9(e) log" 3z e log"tz  loghx
e< Ve e VT
_logB(z) _logB(z)

For T.(f > F'), we split the sum over f into < logx intervals of type (V,2V],
and we apply Cauchy’s inequality to each of these. In this way,

4 24 1/2

> s | X s ¢ x

V<f<2V YEX;

T.(f>F) < Z

\%4

. ne) 1
’ 24 1/2
1
Z o) Z zm: P (m)

<f< *
\VﬁfﬁZV wGXf (mae)=1
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By the large sieve inequality, this is

SR (AR ) SICHS S (VAERa) 9y
< (logr) max %{(VQJFM)ZWF}/ {V2+:E 13 }1/2

<z
FVSism

1 _
< 22(logr) max  —(V+VM)(V+z72)
F<y<—V2 Vv

~ logB ()
< :c%(logx) (4 taz VM + xéF_l) :
log®(x)
By choosing B = A + 3, this is < ——5—, and so
log" ™
x logz zlog’x x
Z 925 L >F) < log" ™2 2 Z e < log" ™2 < logh z
€= log%) es loggw
Q.E.D.

Lemma 2.5.4
Let j > 2 be a fized integer. Let (d,.,d.) (r=1,...,j) be such that

(a) d, < d.;
(b) (dr,dy) = (drs1,dpyy) or dy < dryy; and
(¢c) di>e d; <1—e

Define

1 ifm=py-p;, 2% < p, <a¥ for1 <r <j,
w;(m) =
0 otherwise.

Then for any A > 1, there exists B, which only depends on A, so is independent
of j, d, and d.., such that

ZE*xq<<

= logB(x)

loghz’

The implied constant only depends on A and €.
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Proof (c.f. [19, proof of Lemma 3.2])

By assumption (a) and (b), there exists 7 such that (d,,d.) = (d,d}) if and
only if 1 <7 <. Let 0 < ¢ < 1/2. We split the interval [z¢, 2217 into < &
intervals of type [t, (1 4 ¢)t). Given such ¢, let

- ro! ifm e[t (L+0)t), m=py-pj, a¥ <p,<a® (2<r <j)
[e AN =
0 otherwise;

1 ifme(%,( ], m is a prime and 2% < m < 2%

Bi(m) =

0 otherwise.

By Lemma 2.5.3, there exists B, only depending on A, such that uniformly in ¢,

* . x
Z\/E gat*ﬁt(xa Q) < 10g2A+3$'
qglogB(l‘)
Define h(m) := ), a; * B(m). We have
logr =«
& (x; — .
2; n(rq) < ¢ log? 3y
1= 108 )
For m € [z, 2z], Zat * By(m) = Z Zozt(m/p)ﬁt(p)
t plm 1
¢ 70
Zzat(m/pi)ﬁt<pi) if m=py--pj, ¥ < p, < z% for 1 <r <jJ
= i=1 t
L 0 otherwise
4 T0 . d d’ .
1 , it m=py-pj, 2 <p. <% for 1 <r <j,
B "o Zlﬁt"(pz) and m/p; € [t;, (1 + ¢)t;)
L 0 otherwise.

Here we note that by assumption(c) such ¢; must exist. If in addition we restrict

m € [(1+ ¢)z, £Z], then

m T 2
<pi<— = —<p<

m
D€ [t (14 0)t) = = Ty

50 h(m) = w;(m) for m € [(1+ c)z, £=].
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Therefore,

Y. & (@)

< x
9= 10gB ()

. 1
< Y AEo+r Y gm| X owem-s Y wm
< \éi o< \éi = z<m<(14c)z z<m<(1+c)z
log®(x) log® () %<m§2x %<m§2m
m=a(mod q) (m,q)=1
1
+ max Z h(m) — — Z h(m)
o< \éE (a,g)=1 rem<(14¢)z ¢(q> z<m< (1+c)z
logB () Eﬁ<m§m; E&<mgm
m=a(mod q) (m,q)=1
Xz CT
L ——5x 5t
clog?*2g Zﬁ o(q)
15108 @)
x cz logx x 9
L ——5x 5t < + cxlog”x.
log™ 2y Z\; 7 clog? 2y g
qglongz:v)

Taking ¢ = log™* 2z, the result follows.

Q.E.D.

Lemma 2.5.5 (c.f. [13, Theorem 2])
Suppose x* <y<x%, y?<t<w. For any A>1, there exists B=B(A) such that

. T
E 5E(l’;Q)<<—1 —
" og x

q<

logB (z)

where E can be any one of the following:

‘ 1
L ifm=pips, y <p1 <t2 < po

0 otherwise;

L ogfm=pr-pj,y<pr<p2<---<pj
0 otherwise,

where j 1s any integer > 2.

The implied constant only depends on A and €.
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Proof
By Lemma 2.5.4, there exists B, which only depends on A, such that

ZS*xq<<

a= 1ogB(z>

loghz’

(a) This follows immediately by taking j = 2, (di,d}) = (%,%lggi) and
lo log(2x
(do, dp) = (4128, Foele/v)),
(b) Take (d,,d.) = (%, %) for all 1<r<j. We have
¥ i
S loghs oghz
IS1oE <z>
where
_ 1l itm=pr-pjy<p<pp<---<py
f(m) = { 0 otherwise.
Now
> pax |En-£(2; ¢, 0)]
g< %2 !
~ logB ()
1
= max h(m) — — h(m
VT (@.q)=1 x<;2x ( ) ¢(q) m<;2x ( )
q< 5, — - T
logB(x) m=a(mod q) (m,q)=1
m not square free m not square free
SZMXZ 21+Z¢221
< logB(ac) y<n=< 2 <m< 21: =158 (2) logB(ac) y<n< 2 <m< 296

mn2=a(mod q)

Note that if (a,q) = 1 and mn? = a(mod q), then (n?,q) = 1. So the above
is

q<

2z
Y

Y log T
logB(z) y<ﬂ§\/> Q7 log\éZz) y<n§
This completes the proof.

Q.E.D.
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We end this chapter by proving Proposition 2.5.1. (c.f. [8, Lemma 3.5))

For E being any one of the three functions concerned, and for ¢ < /z, we
x x logx

oa) = o) € 4
> @h V€ (w; aq)

N

alogB (z)

have & (x; aq) <

, SO

g<

xlogx
< Y o [TR e (e ag)

q
s a lo\g/l;(x)
1/2 1/2
N 2w(q)
< /zlogx Z Z En(z;aq) ,
(S a logB(z) (S a lo\g/BE(z)

by Cauchy’s inequality. On the one hand, we apply Lemma 2.3.2 to obtain

1/2
th(q

Z el < (logz)"*/?.

(S a logB(z)

On the other hand, by Lemma 2.5.5 and the classical Bombieri-Vinogradov
theorem, we can choose a B, which only depends on A and h, such that
1/2

1/2
5* 33 a <K L
2 : q log2A+h2+1x

a logB(a:)

q<

for E/ being any one of the three functions concerned.

By this choice of B we get

w * x
> 12(g)h (q)gE(fc;GQ)<<—l —.
- og"w
alogB(ac)

q<

which was to be demonstrated.






Chapter 3

Results due to Selberg’s idea

Based on Selberg’s idea, we shall invent a multivariable A? sieve and prove
Theorem 1.2.1 in this chapter.

3.1 Preparation

Lemma 3.1. 1

Let z = o CN’ C>0, and let G : H251H_a — C be a bounded C*°-function.
Define

J G(Slaévla"'ysnag;f)x

ul 1 7 7 5 ~
| | + psi + ?5i) 2 i dsidsy - - - ds,.ds,,
<1+sosz (1+psi) 577 5,7

where ¢ > 2 and D;, 5Z > 2. Then

;o HG(O)(IOgZ)ZT(Di+5i—3) [ K (D; — 1)@51 B 1)]

[T, (Ds = DD, = 1)) (Di+ D, —3)
((logN)Zl Di+D;—3)— 05)

where the implied constant only depends on C, G, ¢, D; and ﬁ,

Proof (c.f. [7, proof of Lemma 1))
Let T = eV'°eN | From the ¢y defined in Lemma 2.3.3, we let ¢; = %’, =

cy = (%)2%, Cy = (%)5%’, and 50 on up to Crs .. In this way, we have ¢; = p;
and ¢; = p; ¢, where p; = (3)%72, pi = (3)*'. We also note that Lemma 2.

and Lemma 2.3.4 will be used frequently in the proof.

l\Dl»—A

co
p?
Ci

co
%)
3

47
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Y

Figure 3.1.1. Note that the rectangle contains no pole of the integrand.

Let’s get started. The first step is to shift the s;-contour of J to (

the sj-contour to (locng

o7 )» then

27), then the s-contour to

), then the sy-contour to (i

(loég?T)’ and so on iteratively. This will give

3.1) J

G(51,81, -+, Sk, Sx) X

logT logT logT logT

K 1 ; ; Si  ~5i _ _
[HC ] + psi + 95:) z_zN ] dsydsy - - - ds,.ds,,

+ ©5:)C (1 + ¢5;) 577 57

Z Z

which can be seen as follows. We have (see Figure 3.1.1)

oo fof [ ] o= S]]

e (1 logT logT (1) {10 7 it =Y <t<Yu} logT) lo;T)
(1) HuUHl logT logT

(1) {1+7jt:t<*§/l or t>Yu logT) logT)

Let Y = min{Y,, Y;}. The second term at the right of (3.2) is, by >_ |“(n

<>
<</ / / / ﬁC(l+<P‘7i+505i)<(1+90‘7i)<<1+905;‘)‘§a; ;5,3]

(1) Hu L=l

UHl logT ( logT

[~ 7 L0 loghT) 24
loghT) 2 2 (log™T)="
<[] [~] |Hoes >|s~D-|sz|Di]<< v

c c Li=1
(1) HuVH (557) (5e7) ’
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and the third term at the right of (3. 2)

20 G A A
/ / / / IOgAT ~ _ < M
|sZ 5P Y

(1) {1+t (1>} (57)

og

So by letting Y,,, Y; — oo, ) gives
(logT (logT logT (logT logT

This implies (3.1).
The contours are then truncated to s; : |t;| < p;T, s; |th | < piT and denoted
by L;, L; respectively. By observing that

[ =]

c

logT logT logT
e ]
(ogr)  (ogr)\L L L

and that the second term at the right is

2% 2% loghT zTosT
IAT —— —
« [ [ [ e <

NL L

logT) logT

we see that

(3.3) G(S1,81, -+, Sk, Sr) X

K 1 : Si  ~8; _
H +psitosi) 2z ds1dsy - - - ds,.ds,
C(1+ps;)C (1 + p5;) 5,77 5;P

—Co/®
log T
integrand at the right of (3.3) by f, we have (see Figure 3.1.2)

(3.4)

sl S e el
e [ (o} L))

Ly Ly

Next, we go to shift L; to Ly :

+ ity, |[t1] < pT. Denoting the
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A
H
Ly L

| —~
\ Ly
? »
[
T — >
|—=C1 c1 c1
‘logT logT logT
[
[

H

Figure 3.1.2. Each §1 € Z; produces a pole —s1 which is enclosed by the rectangle.

Note that for each s; € ZI and each s; € Ly, (1 + @s1 + ¢s;) lies on the

vertical line 1 — lccfg/; +it, [t| < T. Hence, the first term at the right of (3.4) is

201 500
< / / / logAT —
[ PRI

Ly Ll L7

< loghTz~ logT

as ) (0; +0;) = log{T( 1+ +1 + ) == 1o§T-
By noting that Im(1 + ys; + gpsl) =T when s; € H, the second term at the
right of (3.4) is

K o & A =
A 278 27 log™T'z10eT
<[] [-H(log D Iilﬁi] T

b 2z =1
Ly L, H

So it follows from (3.3) and (3.4) that

I / / {Res{f}} G / / {SlRe_%{f}}

loghT zTeeT e
+ O(—Og TZ +logATzlogT> .

- —a/e
~ logT
|ti] < piT. Denote the horizontal contours involved by H. Assuming that

We treat the first term at the right by shifting EI to /[Z

+ Ztl,
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51 = 0 is the only possible pole for {5&8{ f }}, we have

@i / 1/ (B0} = e / / / (st}

Ly Ly Ly Ly (L1 UH)
2m 2K— 2/ /{Eeg{ges{f}}}

Let C' be the sj-circle defined by C' : |s;| = By noting C' does not

_1
log?T "
enclose the point —s7 for all s € Ly U H, we see that

Jof T frao - & ] ]

Lo (Ll UH L1 UH
A »0i Z&E
< [ ///[ (og'T) ,—]
K L2 L1
A 200 500
o/ ///[ o1
1 . log™T 2 ToeT
Since zlongT < 1, this is < logATz_@ + og%.

Hence, by defining

no - nefresn ).

ro = e ),

s§1=—581

it follows from (3.5) that

89 9= | [ ot | [ [

L1 Ly Lo

1 AT TosT .
+O( Og Tz «I»lOgATZIOgT) ,

provided that s; = 0 is the only possible pole for {Reg{ f }}
s1=
By letting

(3.7)

- . - |77 (28 + 95)C (1 + wsi + 95))
Z(81,81, 18k, 85) = G(51,81,-.., 5k, 5x) [H 5.1+ 055 (1 1 7))
i=1

I
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we see that

©s;S; 2% 2% - il 1
Sz+51 ] <ZH('OZS Zs) [H( D;j—1~D;—1 |’
i=1

—1 z' S; + 81) Si "

which is of the form stated in Lemma 2.4.3, so (3.6) holds unconditionally.

Furthermore, by appealing to that result, we shall shift the contours L;, EZ to the
left half plane iteratively. Each step in the iteration, which we call Process[p],
is described as follows:

[»] Let v € {0,1}7!. Follow the definition of R,,0,7,l,0 in Lemma 2.4.3.
When we encounter an integral of the form

(3.8) ngz/ /// // "

Ly,  Lr LuL.

—Co/¢
logT’
contours involved by H, this results in

we first shift L; to Lj_ :

+it;, |t;| < p;T. Denoting the horizontal

Res + Res > {R,}

ST Jatio ] )R

L., Lo Ln (L7 UH) L, Lo L.
We go to bound the first term. Let Cg be the sg-circle |sp| = loggT, Cy be
the sg-circle |sy| = é@"T, where 0 = 6y,...,0,; and for each (s;,,...,s;)
. ~ 1

in LT1 S X Lﬂ, let C. be the s,-circle C; : |s, + §;| = loé‘;;, where
T=T1y--.-5T1-
The term under consideration is then

LTZ L‘rl Ln (L UH CTl C‘rl CGQCGQ 001091

logATz@

which is < logATz_@ + =

Therefore, the integral (3.8) is

5?8{3} v,1)
S

Ly, Ln L« Ly Ly, Ln Le Lju

loghT 2 os™ .
o(g_ . 1ogATz—w> |

T
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We then treat the first term in the last expression by shifting Z; to

. —co/p

7 logT
by H,

////{—} L) infffl

L, L L Ly Ln Ly (L; UH)

’UO)
27-” 2k—2(p+1)—1
Ly +

j 1

+it;, |t;| < p;T. Denoting the horizontal contours involved

Let C; be the s;-circle defined by C; : |s;| = Upj . By noting C; does not

enclose the point —s; for all s; € E_ U H, we sce that

A {}

Ly  (L; UH)

L‘rl LTl Ln L UH C CTl C‘rl CGQCGQ 001091

logATz logT

logh Tz~ TeeT
& log™T'z losT 4 T

Hence, in summary, the integral (3.8) is

Jof ] e ][] ]

L-,—l LTI Ln ] 1 LTZ LTI Lli ] 1
log™ T z1oeT c
+ O(—g TZ - —i—logATz_logT).

This ends the process.
After iteration of Process[»], (3.6) gives

1 log Tz et Ay ——c
— “ e - l T logT .
J E (2m')l/ /RU+O< - + log™T'z >

Ly In
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For each v € {0,1}*, v # (0,...,0), we have

zm/ e

L‘fz

LTz LT1 u Cry ng C% 091 Co,

ul 1 3 i 5 ~
| | i SOS + p5i) 2% 2% ds1dsy - - - ds,.ds,
q 1 + 05:)C(1 + 95;) s, 5,7

I

L"'l LTl i Cry Ceg 099 091 Co,

<

A

1 ~
H lOg2TW] ’d81’ s ‘dSn’

T=T1yeeey Tl

H log®T ! 1~
PREERE

< (IOgT)—29+Zg (2D9+259—4) (IOgT)ZT(DTJ'_E"'_S)

_ (logT)Ze(ZDg—ﬂﬁg)—i-zT(DT+5T)—6n+3l cotl=r
= (logN)Zlf(Dz"‘ﬁz_g)_Zr(DT%m) 1ogT = (logN)%

< (logN)Zi(@0i+Di=3)-05

It follows that

(3.9) J = R0+ O((log)=i(PetDim)=05)

.....

Let C; be the §-circle |3;] = (1/p;)r, C; be the s;-circle |s;| = (1/p;)r, where
r is a suitably small number. Now

C(1+ s+ 98;) 2% 2% 5
R — ‘ — dS .. .dSK’
(0,...,0) Qm // // [ C(1+ vs:)C(1 + vs;) Sfl 50 1

w Ck C1 &1

in which we have used the fact that for each § € Cj, if |s;| < (1/p;)r, then
lsi + 8| > |si| — Isi] > (1/pi)r — (1/pi)r > 0, so C; does not enclose the pole
s; = —8;. Note that the choice of r only depends on G and ¢ but is independent
of z.
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Recall the definition of Z (s, 51,. .., Sk, Sx) in (3.7). We have

0SS, 2% 2% -
R d -dsy,
©---0) 27” // // [ 5z+3) ziSz ] o

Ck e

By Lemma 2.4.5, this integral equals

Hgla Hfla" é\;igf{agf/i) «

55 +D;)—k—(26—1)

C” C’ c

i A G ) ( o€, 2Rt
GG epg” JNE D) g

WMQMM%

where 6’2 is the circle |&| = pn/p; for 1<i<r—1, C! is the circle |&| = pn/pi for
1< <k.

For each (51,51,...,&) € (] X /C’v{ -xC, Z(5 H&,%&,...,ﬂ&,é}) is an

analytic function in s, on |s.| < (1/ps)r, and unlformly in (&,...,&)is< 1in

this domain. Hence, for any fixed n € N, by Cauchy’s estimation, uniformly in

A
(&1,. .., &) we have 97

05" |+
order of integration, the last integral is

G / / / [H ff}, ili ]((55511%;&%

ACESE 8;517 s Sebns Sn) SISE eI g5 de dE - - dE,
é";Zl(Dl-I—D,)—gli-f—l

K ®(D;+D;—3) k=1
_ _#2(0)(log)> T / /[ (& + &) +Et1
o 1

< r™™ <« 1 as well. Therefore, by changing the

S H(Di+D;—3)

(S5(D; + D; — 3))1(2mi) 2

l

”_1 1 ] ( 1 ) -
<] ] T ) IS UISERRUSY
[¢M&+@$ﬂal (& + )&z )

+0 // <[ T_l(‘§i|+|gi|)+|§,€|+1] IOgZ>ZT<Di+5,._3)_1
c, [HZ}(@’ —&DI& P g 52.,1] 0 Dl

The O-term is < (logN)ZT(D#f)i—S)—l.
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The main term is, by Z(0) = G(0) and multinomial expansion,

- m

& G o
2. = (i!fi!_ Wie, vy et vy
o X 1 i

de,de, - - - dE,,

x [H R ](@ml)@ ) £1dE, - - de

"G(0) (log2) TP Pr)
- Z - ‘o'g.z” ] X

&+5 i N

2m / // L TP -1 €D d§ydy - - - d&..

/ C/ C/

(& + 5)}571
g

1 ~
does not contain the —-term; else if j; = D;+D;—3, we have the —-term with

coefficient Cgffﬂl It follows that the expression above is

For 1<i<k-—1, if ji—l#Di—Q—Fﬁi—Q, then the expansion of

— SOHG( )(IOgZ)Zl D +D 3) L Iﬁ CD.L:J:B»;*‘l (gﬁ + ]')jn_ldé-ﬁ’
(D1+D1_3)-"'jn! 2mi Pl i £t

L

where j, = > 7(D; + D; — 3) — 'f_l(Di + D, — 3)=D, + D, — 3, so this is

_ ©"G(0) (logz)ZLf(DﬁﬁrS) L ’i:[l ot (& + 1)DK+1~)F4 k.
H?:l(Di —|— D,L — 3)' 27'('2 paley D;=2 55»@*1

Cr

_ *G(0 )(logz)21 (Di+Di=3) [~ D;+D;—4

= H (D+D_3)| -ECDiz

_ ¢G(0)(logz) T (PP H (D — 1)(D; — 1)
Hf 1<D - 1) (D 1)! Li=1 (Dz‘ + 5@ - 3) .

We conclude from (3.9) that
_ 9"G(0)(logz) =i PP T (D — 1)(Ds — 1)
[ (D = DUD: = 1) [ (D + D; —3)
i (’)((logN)Z?(D”’ﬁi_:i)_Of’) '

Q.E.D.
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3.2 The choice of A\ and the asymptotic formula
for ()

Let D1,D; € N and ¢ > 2. We shall choose the following A for the case
k=2:

Definition 3.2.1

2z Di—1 z Do—1
) I R 5 <aim
01) (6 01,05 =
)\(152162 - :u( 1):“( 2) logz IOgZ Zf loch
0 otherwise,

where C = 2B(3,3) + 3, and B(3,3) is the one given by Proposition 2.5.1.

By varying N if necessary, throughout this chapter we assume that z'/¢ ¢ N.
Also, recall Definition 2.1.2 and the discussion of & right after it.

Theorem 3.2.2
Let {a1n+0by,asn+by} be HB-admissible, and let

. D1,Dy D1,Do
QO L E : § : )\51 02 Z )\51 o2 ’
N<n<2N |\ §1|ainth 6~1|a1n+b1
b2|azmrtbe gg|a2n-|-l72

where )\(];31752 is given by Definition 3.2.1. Suppose Dy, Do, 51, Dy > 2. Then for

any @ > 4, we have
2
3] * o)
+ O —5= | >
Hl (D; +D —3) ] (logN)?

where the implied constant only depends on £, Dy, D, 51, 152 and .

©*SN
(logN)?

Qo =

Proof
By Theorem 2.2.2(a) with k = 2, we have

N
Q = >, /\AA1A2+O M1

51 52 51 62
(51 52 61 52
(A1,Az)=
(AlAQ,A):l

The O-term is < (21/%)* < 2, which is acceptable.
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The main term is

N

(IOgZ)Dl +D1+Do+Dg—4

MO IGES N A N A S A
Z AL, logdf loggf log 57 loggg ,

01,02

51,02
(Aq, Az) 1
(A1A2,4)=1

which is
(3.10)
N

(10g2)D1+51+D2+5274

Do 5 (D D ) sl 51 52
(D1=1)Y(D1—1I(D2—1)!(D2—1)! ////F Z_Z f~ ds1ds1dssdss,
(2mi)4 ST ST 85 5P

(1) (1) (1) (1)
where
F o= io: [N(5152)][N(5152)] 1 1 1 1
b BB (0 (0 (32)7 (by)en
81,02
(A1,A2)=1
(A1 Ag,A)=1
1 1 1 1 1 1 1
:Hl__ s+ 51 s+s~+ s+ & $2+82 :
MA p p§01 p%ol p@l PSs1 pSD2 p502 p502 ps2

Note that we have used Lemma 2.4.4 in (3.10), as z'/¢ ¢ N and

> 510 1/2 2 2
Z |M(5152)M(51§2ﬁ _ H {1 4= (_ + 24 T)} < .
AL A, - 66£676F p\p? p¥ p¥

81,02 ptA
51,02
(A1,089)=1
(A Ag A)=1
Let
1\ 1\ 1
e () () ()
1\ 1\ 1
(1_p1+5082 > (1_p1+<p8~2 ) (1_p1+¢32+¢§2 ) '
so that

) C(1+ ps1 + ps1)C (1 + psg + ©s,)
C(L+ s1)C(1+ 51)C (1 + ps2)C (1 + ps2)
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By Lemma 2.3.5, Proposition 2.4.2, and Lemma 3.1.1, (3.10) is

N (D1 1Dy —1){(Dy—1){(Dy—1)! "
(logz)D1+51+D2+52—4

1+8051+§08) 25 2,’87 _ _
dsidsidsad
27” //// [HC1—|—()03 C(1+ 95) s zigzD 510451052082

1) @) (
N(D1—1).(D1—1)!(D2—1).(D2—1)! "
(logz)Pi+Di+Da+Dz—4

P>G(0)(logz)ZiPitDi=3) | 2,
[T (D= DD~ 1)! 1 (D

_ Q*G(O)N |5 (D — 1)(D; — 1)
B 2 [H (Di+Di—3)]

+ O((log)ZHPPi=9-03) }

D:-1)(D
(logz)? |17 i O(ﬁ)'

oo T () () e

ptA

Since

and

1 1 log log N
1 = logN — CloglogN = —— = 1 _—
08 = 108 oglog¥ = logz  logN < * O< logN >> ’

the result follows.

Q.E.D.

3.3 Asymptotic formulas for ); and @)

Before proceeding, let us ﬁrs‘ prove a lemma. Recall that we write A51 fOI'
)\5 o2°
1,02

Lemma 3.3.1

Let )\352 be given by Definition 3.2.1. Suppose Dy, Do, l~)1, Dy > 2. Then
forany o >4, (A,p1---p,) =1, pi>Y > 6, we have

/\ /\1 _ B(A) 96 (D, —1)(Dy — 1)
Z A logz (Dy+ Dy —3)

(v * )

where the implied constants only depend on £, ¢, D;, 51 and r.

62,02
(Az,Apy- pT)zl
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MA 1 1(02)11(35) 0w = o "
2 ¢(A2) Z (logz)P=+P2=2 (A,) (l g5§0> (1 ggf>

52,52 52752
(A2,Apr-pr)=1 (A2,Ap1-pr)=1

Dy — DD —1)! z%2 z

(logz)D 2+Dy—2 82 32
1) 1)

_ S pep@®) 11
where Fy o= Z ¢(A2) (52)5082 (52)@83

02,02
(A2, Apr-pr)=1

B . 1 1 1
o H N p—1 \ prs2 - p<p3~2 o p<p82+s03~2 ’

PtAp1-Dr

Note that we have used Lemma 2.4.4, as 2% ¢ N and

N [p(0)p(52)] { L(L 1 L)
2 D(D2)650¢ 11 Moo\ T e

PtAp1-Dr

-1 -1
1 1
p1+@82 > (1_p1+sﬂ§2 ) (1_p1+<p82+<p§é ) ’

1

~H91(p)} [Tow)
P P
C(1+ps2)C(1+ 9s2)

By Lemma 2.3.5, Proposition 2.4.2, and Lemma 3.1.1, we have

Dy —1)(Dy — 1) 1 s2 %2 _
(Do (Do ) //F1Z f_b;dSQdSQ

(log z)P2tP2=2  (274)2

< Q.

02,02
(Az,Ap1--pr)=1

Let gi(p) =

<1
so that F, = {Fl
{G

(Dy —1)! (D2 — 1! // C(1+ sy + psy) 2% 2% d32d32
(log Z)D2+D2 2 27TZ 1 + QOSQ (1 + (pSg) 82 52

(Dy — 1)1(Dy — 1)! y
(log z)D2+[72—2 i B
{ gOGl (0) (10g32D2+D2—3 (DQ - 1)£D2 - 1) + O((logN)D2+52—3—0.5>}
(D2 = DUD2 = 1)1 (Dy+ Dy — 3)

~ 9G1(0) (Dy —1)(Dy — 1) o
~ logz  (Dy+D,—3) +0((10gN) )
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Since
@O = PTA];[PT (1_?%> (1_7%)112141;% (1_%9)1
EIHMHP ggp_j; pAlp_[p (1_%)1
SI0) () U )
e eme) oo o
4211 (0(}))

the result follows.

Q.E.D.

Theorem 3.3.2

Let {a1n+0by,asn+bs} be HB-admissible, 0 < n < }1, and let

o D1,D2 D1,Ds
Q= E Y1(ain+b;) E : )\51 52 Z >‘51 52 ’
N<n<2N d1]arntby S1|arntby
d2|aantba 52| azmtbs

where v : N — {0, 1} is defined by

(m) = 1 if m is a prime not less than Y = 2"/¢
m 1 0 otherwise;

and )\3531752 1s given by Definition 3.2.1. Suppose Dy, Do, 151, 152 > 2. Then for
any ¢ > 4, we have

Q1=

@SN (Dy—1)(Dy — 1) N
2 = +0 1. 25n7
log® N (Dy + Dy — 3) log™” N

where the implied constant only depends on £, Dy, D, 51, 152 and .
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Proof
We apply Theorem 2.2.2(b) with £ =2, 7 = 1. It follows that

A1 A

= > =0 X
a1 N<0<2a N A ¢(G1A2)

(Ag, Al)=1

+0| > IMMEL(@NaAy) [+ O] AN
82,02 0102
(Ag,A)=1 0162
The second O-term is < z%%, which is acceptable.
The first O-term is
< Y (@) € (a1N; a1q)
g<— VN

~ap logB(a1 N)

by using Lemma 2.3.1, and the observation that

~ ~ N
252 4/
/\1/\1 7é 0 = CL1(5252 <a1z ¥ < —10g2B+2N
alN
= CLA2<—=>CLA < — .
= log?® N e log® (a1 N)
By Proposition 2.5.1, this O-term is < bgL:),N, which is acceptable.
Hence, by Lemma 3.3.1 with » =1,
_ w(l) ¢(A) 96 (D2 — 1)<l~72 —1)
Qo= G A b
a1 N<{<2a; N a1 0g < (DQ + D2 - 3)
w(l) N
o ¥ G ) el
a1 N<€<2a1 N (log N> . log N

It follows from the prime number theorem that
aN 1 ¢(A) & (Dy—1)(Dy —1) +o< N >
logN ¢(a1) A logz (Dy+ Dy —3) log**N

¢SN (Dy —1)(Dy — 1) N
= 2 = +0O 2.5 )
log® N (Dy + Dy — 3) log®” N

Q1

where in the last step we have used the fact that a; and A are composed of the

. 11 1
same primes, and that ez — foeV T O(logl-SN)'

This completes the proof.

Q.E.D.
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Theorem 3.3.3
Let {ain+by, asn+bs} be HB-admissible, 0 < n < 1, and let

L Dl,DQ 51752
QQ . E 72(a1n+b1) 2 : )\51762 Z )\gl gz !
N<n<2N S1]arnthy b1]arnthy
do|azntbs 52‘a2n_|.b2

where 2 : N — {0, 1} is defined by

1 difm=pipy, 2P =Y <py <NV2 < py
Y2(m) = { 0 otherwise;

and )‘6?,62 s given by Definition 3.2.1.
Suppose D1, Do, 151, 152 > 2. Then for any p > 5, we have

@

Q, = ©*6N (Dy — 1)952 -1) /21:“01 dx—/l(lL)Dl_ldx

(IOgN>2 (DQ + D2 — 3) - ZL’) .Z‘(g& - I)
n n
; D : )P +D1—2 N(loglogN)A
1 1— Og Og
——d d o ——=——1,
/ o “/ e ( log?* N )
n n

where the implied constant only depends on £, Dy, D, 51, 132, @ and 7.

Proof
By Theorem 2.2.2(b) with & = 2 and j = 2, we have

[2[51 61]=p1-pr >\51 )\5~1

22D e 3 e

r=0 Y<p1 <--<pr 1N _ <i< 2a1 N 5o 52
Pl Pr —pr1- 'pr (A2 Ap ’“p =1
(p1-prt,A)= HAPLPr

oY S W (2 )

r=0 p1<---<pr 51 52
51 52

(A1,A9)=1

(A1Ag,4)=1

A1=pypr

+o| Y Y |>\>\|Yp1A2 +O[ Y AN,

Y<p1 61,02 81,02
61752 51 52
(A,A5)=1

A1=p1
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where the sums over pq,---,p, are restricted to those p;-- [51,51] with
)\51:{51 # 0. We take vo(¢|p1) := w(f). Observe that 72(€|p1) = 79(fp1) when
m>Y,(l,p)=1and (€ [;}V, 2‘;N] because if p, = [d1,01] such that )\51}\/5“1 # 0,
then p; = max(dy,0;) < z1/¢ < NV/2,

We go to deal with the O-terms involved. The third O-term is < z%¥, which
is acceptable. By Lemma 2.3.1 and Lemma 2.3.2, the second O-terms is

3w(q

< Z Z'u <glogAN,

Y<p1§z1/“ﬂ q<N

which is also acceptable.
The first O-term is

< Z |)\1X1\5;2(a1N;a1A2 Z Z |)\51 51|g* < alAQ) .

52,52 P1<Zl/“" 52 52
(Ag,A)=1 [61,01]=p1
(As,A)=1

By the same argument as in the proof of Theorem 3.3.2, the first term in the
last expression is

< ) @30 (N ag),
Vai¥

< v -
1= a1 logB(ai N)

which is <«

N
5— by Proposition 2.5.1.
log” N

On the other hand, by noting that when p; = [d1, gl] < 2V

N

2B+2N

Mo Ag, 20 = a1p16305 < a2 < -

= up A< —
LF1=2 10g2B+2N

1N

= a1A2 S

the second term is

. [N
<2 MZ(q)3“’(”5w(ﬁ;a1Q>-
p1§zl/i [al

= a1 N
al 10%‘3(1}71)

N N
p1 log? N log2 N’

By Proposition 2.5.1, this is < Z
p1<zl/¥
Therefore, we have shown that all the O-terms in the expression of ()5 at the
very beginning are acceptable.
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Let’s introduce a notation here: Write “A=B" if A=B + O(%W),
where the dependence of the implied constant is the same as that stated in
Theorem 3.3.3. In this way,

. 1(0) M)
LD DIy B DR vvy

a1 N<€<2a; 27~2
(Ag,Al)=1
n Z Z w(l) Z [MAp, + Ap At + Ap Ay ]
¢(@1) ¢(A2> '
Y<p1<zl/<p alN << 2N (52,52
T on (Mg, Ap1£)=1

We now use Lemma 3.3.1. Noting that

log 2 Dy—1
~ 0
Z A, _ gp1 Z A )\1

53 P(A2) log = ¢ AQ

2,02

(A2,Ap10)=1 (Aa, Ap1€)
1 z D1+D;—2
O —_—
Z _ p1 Z )\1>\1
o( A2 log =
(Ag, Aplf) 1 (A, Aplé) 1
we have
0 = 3 06 68 (D=1 - )
. a1 N<f<2ay N ¢(a1) A logz (Dy+ D, —3)
L Z Z w(l) p(A) & (Dy —1)(Dy —1)
Y<p1§zl/4/’ M<E<M ¢(a1) A logz (D2 + D2 - 3)
Pl - P1
Di—1 Di—1 2 \ Di1+D1—2
10g— log— log—
w4 p1 o p1 + p1
log z log z log z
72(0) w(l)
i (alN;&uN OOgN)lﬁ) w Y< Z<:1/w a1 N Z%lN (10gN)1'5
- e

Since

Yo 0= ) Y. =),

a1 N<l<2a1 N Y<pi <N1/2 a;lN << 22111\7

so by the prime number theorem, the O-terms are

N N
< Z = < o5 loglogV,
yerThss PrlogN) (logN)

which can be absorbed in =.
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It follows that

. @(0) $(A) 96 (Dy —1)(Dy — 1)
@ =D 2 ¢(a1) A logz (Dy+ Dy — 3)

Y<p1<NY2 &N _p 201N
p1 = pp

@ () $(A) & (Dy—1)(Dy — 1)
+ Z Z P(a1) A logz (D2+l~72 —3)

Y<p1<zl/® @aN y 20N
pL = p1

z Di—1 z 51—1 z D1+l~)1—2
log— log— log—
D1 D1 b1
X { — — +
log z log z log z

By prime number theorem, the right hand side is

- ©&N (D — 1)(52 —1) Z 1

logz (Dy+Dy=3) | =, Prlog(N/p1)
| ¢8N (Dy ~ 1)(Dy ~ 1) 3 !
logz (Dy+D,—3) | <=, pilog(N/p)
» \ Di—1 >\ Di-1 > \ Di1+D1-2
log— log— log—
x . D1 . P + b1
log z log z log =

To proceed, we first expand (logz —¢log p;)™ in the braces by binomial theorem.
Each term in the sums over p; is then of the form

a(logz)"Vi(p1),
where a )
ogy1)™
Vi(y) = 2890
o) =4 log(N/y1)

We then apply Proposition 2.4.8. By Proposition 2.4.9, the contributions from

R;’s altogether are < logLAN’ which can be absorbed in =.

The resulting Vj’s are then grouped by reversing the binomial expansions.
This results in

= N 2 <10gi/logz> o

Q2 = =
N
logz  (Dy + Dy —3) v ulogulog— v ulogu log—
u U
/e z 5171 L1/ z D1+l~)172
(log—w/ logz> <10g7/ 10gz>
— / u du + / U du

N
v u logu log— v ulogu log—
u U
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We use the change of variable u = 2%/% in the integrations. As

du B (Zm/w)lo%dff B dz
N N ’
- /o)X _ _
ulogu log " (z%/9) ~ logzlog e O log e
this gives
plogN
SN (Dy—1)Do—1) | [ 1 [ (1= )Pt
Q2 = f (12) 5 2 3 / —dx—/de
ogz 5 + Dy —
,  Trlog T n  Tlog e
| Di—1 / Di+Dy—2
1 1— 1 1 1—
—/W z) dx+/% al da
,  Tlog e " x log 77

Since logz = loglN — Cloglog/N, so for the range of x under consideration,

1 B 1 1 B 1 140 log logN
N o (1—2)logN 14 2 CloslaN (1 — 2)logN logN

¢ (1—z/¢)logN

log

Zfﬂ/(P
log N log logN
uniformly in x. Also, we have POEY _ P o 288 Therefore,
2logz 2 logN
¢ logN
SN (Dy—1)Do—1) | [ 1 [ (1= z)Pr-l
Q2 ’ o / 4t / S —da
logN'logz (D, + D, — 3) 2(1=72) z(1=7)
U "
: D1 ; Dy1+D1—2
1 — 1— 1 — 1 1—
—/L—EL—%x+/( ?) da
z(l—2) z(1-2)
n v n 14

Z 1

~ @%N(%_Q@YJ)/?@ij_/glﬂfiw

1OgN logz (D2 + Dy — 3) - x(gp - ZL‘)
n n

1

e [

n

z 1
*SN (Dy —1)(Ds — 1) 1 — g)Pi-1
. PON (D : / m-/i—ﬁ——m

1
_ Dl 1 D1+D1 2
X

/ z(p — ) / (w—@

n

Q.E.D.
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3.4 Conclusion
We now prove Theorem 1.2.1.

Take ¢ = 5, A} 5, be that given by Definition 3.2.1, 7 : N — {0,1} be that
defined in Theorem 3.3.2, 75 : N — {0,1} be that defined in Theorem 3.3.3.
To prove the theorem, it suffices to show that for all HB-admissible 2-tuple
{ain+0by, aan+by}, there exist wy o, w3, wsa, wss such that

2
2,2 2,3
72(a1n_|_b1) w272)\51,52 + w2’3)\51,62
Z ~Ya(agn+bs) + -1 Z + +
N<n<2N Y1 (a1n+b1) d1|arntbr w3,2)\§)1252 + w3,3)‘§1352
62|a2n+b2 ’ ’

is positive for all arbitrarily large V.

By Theorem 3.2.2, Theorem 3.3.2 and Theorem 3.3.3, it in turn suffices to
show that we have w’(V; + Vo — U)w > 0, where w = (wy 2, Wa 3, W3 2, W3 3),

1 1 1 1
1 4 4
U= . i A i is a matrix corresponding to the result in Theorem 3.2.2,
3 3
4 4 16
L33 7
11 1 1
5 5 5 5
1 4 1 4
Vi= i) 115 ? 115 is a matrix corresponding to the result in Theorem 3.3.2,
5 5 5 5
1 4 1 4
5 15 5 15
and
(2,2) (2,2)  (2,3) 3,2) (3,2 2,3) (3,3 (3,3)
Vo) T V22 Ye2) T2 Yoo TVe2 Yoo T V22
(2,2) (2,2)  (2,3) 3,2) (3,2) 2,3) (3,3 (3,3)
v Ve T V32 Ye3 TUs2 Yes TVs2) Yes) T V62
2 = P
(2,2) (2,2)  (2,3) 3,2) (3,2) 2,3) (3,3 (3,3)
Vs T V23 Ye2) T3 Ve TVes Yee) T Y3
(2,2) (2,2)  (2,3) 3,2) (3,2) (2,3) (3,3 (3,3)
Vi) T V33 Yss) T V33 Yss) T Vss) Yss) T Uss)
b 5 25 1 -
5 D -1 -1 1 1-— 1=
where 0(31’32) = (D >£ 2~ 1) /—dac — / -z dx
(D1,D2) (Dy + Dy — 3) (b —x) z(b —x)
7 7
! Di—1 ! Di+D1—2
1 _ 1— 1 _ 1 1—
—/¢dw+/( ?) dr | |
z(b —x) z(b—x)
n n

corresponds to the result in Theorem 3.3.3.
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Since
2.5 1 1 - 1 -
/ dx /(1—1‘)D1_1dm /(1—:1:')D1_1dx+/(1—:L')D1+D1_2dm
(5—x) z(5 —x) z(5 —x) z(b —x)
n 7 7
2 D1 1cD1 1 i
_ / /2 Cay,
5—1x)
D1 1 (\D1- 1 i D1+D1 2 (\Dy+Dy -2 i
/Z C, ) i +/Z C. (=)' 4,
(b —x)
B ln4+Di_:2 Dl_l/l(—:c)idx
5 L T 5—1x
=1 n
D2 1 (—z)'dz DutD1-3 1( r)idr
CD1 1/ . CD1+D1 2/ -
+Z i+1 5_.T Z: i+1 5_1: Y
n =1 n
and that
[ (—a)id _
—x)'dx i
[ 55 = o
0
1
— (_1)1 511n__/ i— 1_‘_5337;—2_’_ +5Z_1)d.f13
L 0
T 5 1 .
— - z - - . 51—1
o[- (Fr g e,
so by letting M =
2dpjon 24 2kd_jon34+if 24034+ 24303+
21n4 5,17 7lnd | 1557, 5 367 21n4 5 31 71n4 5 187
2In4 5, 17 2ln4 5 7lnd | 1551, 5 123 7ln4
T—l(]lnz—i—m 301 5 15 —1 T —|—25ln 10
2In4 5, 31 187 7ln4 n® 81n4 416
we have
1 1 11
1 1 11
Vi+Va—U=M+0O(n) 1111
1 111

Therefore, the proof is complete if we can show that for some ws o 4+ wa 3 +
w3 + ws 3 = 1 we have wl Mw > 0, because 1 can be as small as one wishes.
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Suggested by the method of Lagrange multiplier, we try to solve

—1 W2 2 0

-1 W2 3 0

M —1 w32 | = 0
-1 w33 0

1111 0 l 1

By Gaussian elimination, we find that the solution is approximately equal to

W 0.5372
w3 0.2568
wss | = 0.1399
w3 3 0.0661

l 0.0056

By this choice of w; ;, we have w’ Mw = ¢ = 0.0056 > 0. Q.E.D.

We end this chapter by noting that in this proof, the number of non-zero A is
about N3 = N4 while in the proof of [2:4,2] in [5, Theorem 3], the number
of non-zero A is about N1 = N5,



Chapter 4

Results due to evaluation of Ej’s

This chapter aims to prove Theorem 1.2.2 and Theorem 1.2.3. The sieve
used is essentially the same as that used in the literature, e.g. [5], [11]. The most
novel part of the proofs is that, by involving the contribution from each Ej;, we
can form flexible weights in the sifting process.

4.1 Preparation

Lemma 4.1. 1

Let z = - CN’ C>0, and let G : H - H_, = C be a bounded C*-function.
Let1§£<72<z @ > 2, and define

¢*(1 + ps + v3) (98 <%>Sdsd§,

(I+@s)Ci(L+93) s> 3P

where Kk, D, DeN satisfy
(i) k> 1;
(i) D,D>r+1, and
(i) D,D>r+2if (L, R)# (1,1).

Then

D—k—1

J = M Z CD+D " 2(10g£> <log7zz>D+D " Cg i 11 (=1)P1

(D+D—k—2)!
+ O <logD+D—m—2.5N> ’
where the implied constant only depends on C, G, ¢, k, D and D.

71
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Proof (c.f. [7, proof of Lemma 1])

First, note that we shall make frequent use of Lemma 2.3.3 and Lemma 2.3.4
throughout the proof.

Let T = eVosN ¢ = %) and ¢; = 0'(5;0, where ¢g is defined in Lemma 2.3.3.

We begin by shifting the s-contour to (j27). Now (c.f. Figure 3.1.1)

_ / / G ST+ ¢s + ¢5) (98(;)28(1};
27rz

(14 @s)Cr(1+ps) sP 8P

D) {gdr+it: -Yi<t<Yu}

1 curpsren (D) (&)
(27”)2({}14 GC“(1+¢S)C“(1+<,0§) oo o Usds

2) &)
/ / o SUrested) (L) AR oz
2m CF(1+ @s)Cr(1+¢s) sP P
1) {14at:t<=Y] or t>Y4}
Let Y = mln{Yu, Y;}. Observe that the second term at the right is

Z\? [ Z\°
<</ / (logAT)<52/2 <E2 |ds| |d5] < log"T - ER(l)D,

(1) H,UH,
and the third term at the right is

( : )E D1

zz 1\
- |ds| |ds] o )
</ / LBl < 22 (3)

(1) {143t:]t|>Y}
Hence, by letting Y, Y; — oo, we get
(2) (&)
Ut pst98) L) \R) gu5

C“ L+ps)C5(1+ps) s? 5P

logT
Similarly, we shift the s-contour to (lo‘g ). Since
2\ [ 23
1 ¢"(1+ ps + ps) <Z> (%) ~
J = . G = —dsds
2ni)? Gt o) +g5) 50 5

~ ~ . &
{locﬁ‘f'ltl—}/l StSYu} ( logT)

curer () (&), .
T miy? / /~ G (R R

H,UH, logT)

+

(2) &)
1 / / o CAtes+9s) \g) \RJ ;=
(2mi)? < 87 7

{1+Zt t< Yl or t>Yu}(1:gT)

T+ ps)Cr(1+95) o 3
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and that the second and third term at the right are

2 2
/ / (108 7) £ Roas] 5] + / / (108 7) £ fis] 5
HyUH, (357) {14it: [E1>Y} (557)
< logAT cZ (1)D_1,
IR

so again by letting Y, Y, — oo, we get

Jo 1L // ¢"(1 + ps + s) <%>S<%>Sdsd§‘

2ri)? o (+es) 50 5
(1= )

logT ) ( logT

Next, we go to truncate the contours to s : [t| < 7,5 : [t| < 0.5T and denote
the resulting contours by L, L. We have

NS /2 \F
C = ;rswcizrl {)W) <§D> (g}) dsds

1+sos¢ﬁ( +¢s) P 3P

. / s (G,

logT )\L L

¢"(1 4 s + ¢5) (%)(%)N -
o ./ t/ Gt en s w |

ogT logT

The O-terms here are

ZToeT ZToeT logATz@
(log™T) loghT - .
< / /Og /‘ [ o D <

logT ( logT) (logT )\

It follows that

(4.1)

Z\S [ Z\% .
¢"(1+ s + ¢s) (Z) (ﬁ) dsdi+ O log" Tz TosT
(14 @s)C*(1+ps) sP  $P T '
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Co/@

We then shift L to L~ : I T +it, |t| < T. (c.f. Figure 3.1.2) For each 5€ L,
0g

/ ¢"(1 + s + ¢3) <%> (%)gd
2mi CF(1+ ps)(F (14 ¢s) s> sP

/ ¢"(1 + s + ps) <%><%>~d
1+ s)C7(1+95) s 5

SD

2NS / 2N\F
/ ¢"(1 4 o5 + ps) (Z) (ﬁ) p
27m C*(14 ¢s)C"(1+ps) sP 5P

{Res + Res}

where H denotes the upper and lower horizontal contours between L and L.
Integrating the right hand side over L, the second term is

2NT [ Z\T C
<<//(10gAT) <Z> <§> |ds| |d3] < M,

s[> [s]” T

L H

and the first term is

Z\O [/ 2\
e (@G
ls|®|CH (1 + ws)] [@3]*[CF(1 4 @8)| |s[P—= [8]P—=
L L-
1224“’ <_)O‘if§T/¢’
R _
< //log ‘DH T |ds||ds].

L -
If (£, R) = (1,1), this is < log"Tz "¢ ; else, by D, D > k + 2, this is

D+Dn2

1
<<//’ |DO%~|ﬁ |ds| |ds] < (logT)" P+~ 1+D—r-1 = (logN)
L -

Since

loghTz " < loghN e~V1oeN « (logN)DJrD';K_Q < (logN) = °,

this term is always < (logV )D%ﬁ_g, so (4.1) implies

1 logh T zeer 5
(4.2) J = 9 {R_eﬁs%—Re_g}dg%—(’)(%jt(log]\f)mf 3).

L
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For cach 5 € L, let C = C(3) be the s-circle defined by C : |s + 3| = IOgQT
described in the positive sense. By noting C' does not enclose the point 0, we see
that

/{Res}d§ N 27rz// gﬁcnlerJr@N) <%>S (%)gdsdé“

s=—3 1+ 9s)("(14¢s) s> sP

L

L+ @s)| |s]#|¢r(1 + @s)| [s[P [s]Pn

2\ [ Z\°
<<//|SOS| |@|CNH¢8+¢~)| (z) () ds| |51

‘S|D75 ‘§|D75

<<//(log2“T)(£) <§) \ds]| |d3).

For3 e L, s € C, we have |s| > |3 |—|8~|—s] > [s]. Also, by |o+07| < |s+5] =
we have 0 < —0 + |0 +7|< —0 + thus

logQT )

lo 2T7

G <0 = Q) G

Therefore,

- log* T . _
/{Pies;} ds < //’gloi_ﬂ < (logT)>=2+P+D=25=1 — (]ogT")P+P=,
L L C
D+~3>
2 .

+it, |t| < 0.57. By Lemma 2.4.3, we have

Inserting this into (4.2), we obtain

211

1 _ loghT z1oeT
43) J = — {Res}dHO(Mngm
s=0 T
L

—Co/¢p
logT’

o [ (R = o [ {mehoss {mep{nes}}

L L-UH

Lastly, we shift Lto L :

where again H denotes the horizontal contours involved. Let C' be the s-circle

defined by C : |s| = 1og+T' By noting C' does not enclose the point —s for all

ERS Z_UH, we see that

/{Pjes _ 27”// CHC”1+¢S+¢~) <%>8<%>§dsd8

0 (14 @s)C*(1+ps) s> P

L-UH

// gﬁ(“lﬂosﬂﬂ <%>s(%>§d8dg

(L+ps)C(1+¢3) s° &
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The second term at the right is

logT ~ l AT ﬁ
< / / log"T) = jas) o] < £ T

and the first term at the right is

&)
< (log"™T |D e |ds| |ds].

If (L,R)=(1,1), this is <« log* Tz "7 else, by D, D > k + 2, this is

K 1 1 ~ K— —2k+D—r—
< //(log T>’3|D7n ‘§157H|d3] |d5| < (logT)r—2+2P=2mtD=r=1,

Therefore, (4.3) yields

J = {Res{f}_@g}}—i—@(% (logN) (logN)W>.

5=0

The O-term here is

A N ecvlogN ~ 5 ~ B
< log NlegN + (logN)DJernfz.sf7D+D;2“*2 + (logN)DJernfzﬁf%
6\/ O;
< (logN)P+D-r=25 by D,D > x+ 1),
8 y

which is acceptable. It remains to deal with the iterated residue.

Let C be the 3-circle |3] = 2r, C be the s-circle |s| = r, where 7 is a suitably
small number independent of z, £,R. Then

{Bes{Res}} = % {Bes}az

NS 25
“ 9 () &),
Clj;tpgsﬁzi@j .;JD ? dsds,

where in the last step we use the fact that for each § € C, if |s|] < r, then
|s+35] > |s] — |s| > 2r —r >0, so C does not enclose the pole s = —5.
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Let
(s 3 (s + 5)"°C"(1 + ps + ¢5)
#(s,5) = Gls,3) (505)7CR(1 + ) (935)~CR(1 + p3)

so that

s=0 U s=0 S

<i>s (if
{Res{Res // “(#5) 8,§)E— R7_jsdz.
E (27i)? (ps+ 4,03“ 5P b
By Lemma 2.4.5, the integral equals

55 “) e5(log Z+log %) _
(271)? // (14 &)r gp+b—r—1 £p deds,

where C” is the circle || = 1/2.

For each ¢ € (', Z(s&,5) is an analytic function in s for |s] < 2r, and
uniformly in £ we have Z(s¢,5) < 1 on this domain. Hence, for any fixed n € N,
by Cauchy’s estimation, uniformly in & we have %Z (§§,3)‘§20 Lr"<<1as
well.

Therefore, by changing the order of integration,

_ o 2 et
{};3:665{1}:669}} B (271)? // K SD+D—r—1 £p dsdg

_ (pHZ<Oa O) L / (5 log % -+ log %)D+5—f»@—2
(D+5—/§—2)!27Ti0/ (1+5)N5D—H

dg

cof [l o

(1 —[eDrglr—=

The O-term here is < IOngwﬂN , which is acceptable. The main term is, by
Z(0,0) = G(0,0) and ﬁ =3, C:LJrrflS,,,,

£G0.0) | PSR pip . . | |
- OO IS e g ) g

Q.E.D.

We end this section by the following identity:

D—rk—1

(44) > CrTT Oy = G

which can be seen by noting that the left hand side is the coefficient of xP~"~!

(1+$)D+57N72

E L It will be useful later.

n
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4.2 The choice of A\ and the asymptotic formula
for ()

Let D € N and ¢ > 2. We shall make use of the following A\ for general k:

Defintion 4.2.1

1 z D—-1
o857 or

og 2 ifof -6 < 2= A&

" log*N’

u(61) - ()

.....

0 otherwise.
where C = 2B(3k, 3k) + 3, and B(3k, 3k) is the one given by Proposition 2.5.1.

By varying N if necessary, throughout this chapter we assume that z'/¢ ¢ N.
Also, recall Definition 2.1.2 and the discussion of & right after it.

Theorem 4.2.2
Let £ be HB-admissible, and let

Qo = Z

N<n<2N

dila;ntb;

© > 2, we have

_ ¢"6N (D —-1)(D—1)!
’ log"N (D + D — k —2)!

D+D—2k—2
D—k—1

N
- 0oy

where the implied only depends on £, D, D and ©.

Proof
By Theorem 2.2.2(a), we have

~ N
Q= > M +ol Y1
NN
01,40k 01,40k
01,50k 015050k
(Ag,45)=1

(A1--Ap,A)=1

The O-term is

<2 X

1 <« Za+2/<,0’

§1<2e §y<zle 5
s1<z1e Fa<21/% 5,

which is acceptable.

8 <21 [(81--0k 1)
o< 21/‘P/(5~1~~5~k—1)



4.2. The choice of A and the asymptotic formula for () 79

The main term is

N [1(61)-11(85) (131 )+-B)] z \" z
D+D—2 z : ANEREPAY? Og(sf...(slf Oglif..ﬁf

N———
o]}
|

log A
81400
(8;.07)=1
(A Ak A)=1
N(D -1
= ( >( //F ~0lsal§,
logP+P=22 (271)?
1) (1)
where
P i [1(81) - - - (B [(01) - - - p(B)] 1 L
ey Ay Ay (67 ---07)° (07 ---0%)3
ET
(84,4)=1

1/ k k k
- || 1— = A — 1.
pA\DpPs  prs pestes

Note that we have used Lemma 2.4.4, as 2% ¢ N and

o 5) - (s 1
3 1(01) - - (0 a(1) - - - ()| :H{H_(ﬁJrﬁjLé)} .
AI...Ak.g‘f...glf(;f...glf pApY p¥ p¥

81,eens0) A
51,0010
(A85,8)=1

Let

—k —k k
1 1 1
9(p) == (1_p1+<p8> <1_p1+<.0§) (1_p1+<ps+so§) ’

CF(1 4 ps + ¢3)

F = {FHg(p)}Hg(p) { H }Ck 14 ¢s)Ck(1 + 3)

o e CF(1+ ps + ¢3)
= G E T o o)

so that

By Lemma 2.3.5, Proposition 2.4.2, and Lemma 4.1.1 (k =k, L=R = 1),

D—k—1
ZCiD+D—k—2(10gZ)D+D k— 2C§ i 11 Z(_1>D—Ic—1—i

1=0

0y — N(D-1)(D-1)! *G(0,0)
0~ 10gD+572z (D+D—k—2)!

N
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ono-1(4) () T6-2) -

ptA

Since

so together with (4.4), we have

0y — $ON D =DUD =D ot () N
" log'z: (D+D—k—2) " log"**N /-

Noting that

1 1 log log N
1 = logN — CloglogN = —— = 1 —_
08= = 08 oglog¥ = logz  logN < * O( logN >> ’

the result follows.

Q.E.D.

4.3 Towards j > 1

We proceed to find the asymptotic formula for ¢); when j > 1. We start by
fixing our F;-number-counting functions.

Definition 4.3.1
Let 0<n<1— % and take Y = 2"¢. For any j > 1, define

1 ifm=p--p, Y <pr <---<pj,
vi(m) =
0 otherwise.

We go to use Theorem 2.2.2(b). Given py- - -p, = [01,01] such that /\51X31 # 0,
we take v, (¢|py) = v;—(¢) when j—r > 1, and take v;(¢|pj_1) := w({). Clearly,
when 7 # j—1, the required conditions for v;(¢|p,) are satisfied. When r = j—1,
note that

)\51;{31 #0 = pi--pjo = [51,51] < 0,0, < 2¥ < N¥/#

= Lzzvl*?/@zzvby.
P1 - Pj-1

So again the conditions are satisfied.
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Lemma 4.3.2

Fiz j € N and let v;, v;(-|pr) be defined as above. Then when we apply
Theorem 2.2.2(b), all the three O-terms that occur in the corresponding formula
N(loglogN)#

og3* N
on £ and 7.

are K , provided that ¢ > 4. The implied constant only depends

Proof
As shown in the proof of Theorem 4.2.2, the third O-term is

N(loglogN)*

< P« -
log™* N

The second O-term is

by noting that
(i) When A, Az, # 0, Ay Ay < (81 ---6,) (31 ---0p) < 22/# < N.

(ii) Given a square-free g, there are k“@ ways to write ¢ = Aj--- Ay, and
by Lemma 2.3.1, there are 3°(%) ways to write A; = [6;,8;]. So when we
impose no restriction on 4;, altogether there are

k
@) . ng(Ai) — (3k)W(q)
i=1

ways to express q as Aj - Ay.

Hence, by Lemma 2.3.2, this O-term is

Nlog*N  N(loglogN)*
< < T
Y log™" N

Finally, we treat the first O-term. It is

<> X > MQ(‘J)(%)“(Q)“/’%(wpr)(

r=0 p1<---<pr§zl/"’ ayl N
prpr<z?/¥  q< L

—= a1 N
a1 logB (5150

CllN )
— g,
pl. . ‘p’l”
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by observing that

~ ~ o~ N
2 2 4
Ao A5, 0 = ar(01- - 0,)* (01 0p)* < a1z < g 2N
N
2
A1(A Ap)? N
= ay 1( 2°°° k’) S 10g28+2N
a1 N a1 N
Ay pP1-Dr
= a1A2 : Ak < a = a
0g®(4Y)  log®(;mdh)
Hence, by Proposition 2.5.1, this O-term is
Jj—1 A
N N (loglogN
<Y ¥ <
p1--prlog™ N log™ N

7=0 py < <pp<2l/e

Q.E.D.

We need one more lemma for the subsequent work:

Lemma 4.3.3

77777

29 L, R € N. Then for (A,p1---p,) =1, p;>Y, we have

3 Aedr  O(A) p(L)p(R)$ 'S (p-nb: DZ (P +Bok
¢(A2 .. Ak:) A (logz)D+5—2 (D4 D—k—1)! i

(52 ..... 51@ 1=0
( 02,...s gk ~
Aj A )=1 2\ 2 \ D+D—k—1—i o _
(A2~-~Ak,A]pr'pr):1 X (lOgE> (10g@) Cgii(—:[)D_k_Z]

1 1
+ 0| ——— ]+ O ——— |,
(Ylogk_1N> (logk_0'5N)

where the implied constant only depends on £, v, D, D andr.
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Proof
O Ty
52,00 ¢(A2"'Ak)
52,0k
(A5,05)=1
(Ag--Ap,Apy-pr)=1
z D-1 z D-1
p(L)p(R) [1(62) 1285 10(52) ()] e =7
PATERS) k
52,00k
(Ag,45)=1
(Ag+ Ay, Apypr)=1
z >S
D—-1
pL)(RY(D — 1!(D . ﬁ, (&)
(10g2>D+D 2 27TZ 3
(1) (1)
where
R N (A RaICN) [ AR B |
@ ?
Dy H(Ba- - Bg) (05 -+ 07)* (8% - 07)
52,00k

(Ag--Ap,Apy-pr)=1

1 k—1 k-1 k—1
- H 1- —1 S + 05 ppstes :
ptApr-pr p p p P

Note that we have used Lemma 2.4.4, as z'/% ¢ N and

N p(8) - (k) p(02) < - (0]
¢(A2...Ak)55...5§gg...gf

(A1 Ay, Apypr)=1

1 (k=1 k-1 k-1
= I M=ttt )| <>
ptaprpe & P b b b

Let
1 —(k—1) 1 —(k—1) 1 k-1
a(p) = (1_p1+gos) (1_p1+go’§) (1_p1+eos+<p’s“) ’

so that

F o= {F1 : Hgl(p)} [Tom

_ ¢ (1 + s + 5)
= O EE e
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By Lemma 2.3.5, Proposition 2.4.2, and Lemma 4.1.1 with k = k — 1,

e m 7@)?
27m

1 @
k—1 _ _
"G > \ D+D—k—1—i o s
- S (e (ong) O
©i=0

1O <(10gN)D+f)—k—1.5> .

Since
oo O I
] 1,2(1—%)'“ (4 ()
e CDmes) i) i
@mypr (1 +O(%>> ’

the result follows.

Q.E.D.

4.4 Asymptotic formulas for ); and @)

Definition 4.4.1
We write “L =R7 if

B N(log logN)*
L=R+ O( (logN)k+0-5 )

where the implied constant only depends on £, D, 5, 0, 7, 1.
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Theorem 4.4.2
Let £ be HB-admissible, and let

Q1 = Z Y1 (a1n+by) Z Aﬁ ..... 5k Z Ag ,,,,, & |

.....

Suppose D, D>k+ 1, and ¢ > 4. Then

ASN (D= DD~ 1! i

= log"N (D+D—k—1) "™
Proof
We apply Theorem 2.2.2(b) and Lemma 4.3.2 with j = 1. It follows that
M
Q1= Z @ ({) Z '
a1 N<l<2a1 N 02,0y Ok ¢(Q1A2 o Ak)
52,000,008
(Ai’Aj)*l

(Ag--Ap,Al)=1

For @w(¢) # 0, by Lemma 4.3.3 (r = 1) together with (4.4),

Z " _ $(A) 716 (D —1)(D - 1) Cﬁi—f—Qk

P(Ag--- Ay) A log" "2 (D+D—k—1)!
1

R 1
(As,A5)=1 ol —— o ——— .
(Az-Ap,A=1 i (Ylogk_lN) " (1ogk_0‘5N)

N @() $(A) ¢* 16 (D — DD = ! ~pipae
@ = 2 ¢(a) A log"'z2(D+D k- 1)!CD"“

a1 N<t<2a1 N

w (¥
+O< > ﬁ)

a1 N<€<2a1 N

We then apply the prime number theorem. Note that since £ is HB-admissible,
n M = 1. It follows that
¢(ar) A

we have

0, - ¢ ISN (D — DD — 1) reoinoo o( N )
b logNlog" "2 (D+D—k—1) " loght0> N
P ISN (D — 1)I(D — 1)! (oo
log"N (D+D—k—1) "

Q.E.D.
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Theorem 4.4.3
Let £ be HB-admissible, and let

Qri= > mlantb) | D> A s > Agﬁl ..... A

N<n<2N 0;|asntb; bilaintb;

77777

Suppose D, D>k+ 1, and ¢ > 4. Then

%)

W* SN (D — 1D — 1) D+,3_2k/2 1
z1(p

- D C dx
“ T N D+ D-k-1r | " —a)
n
: 1 [D—k B | ) ]
_/m SOCPPICE I ()P (L — ) PP g
n L =0 |
: 1 [D—k B ) | ) ) ]
_/m SCPPICR I ()P (L — ) PP g
n L =0 |
1
_ | ~
CD+D—2k/— 1— D+D_k_1d
+ D—k 371(90 — xl) ( 1‘1) i)
n

Proof
We apply Theorem 2.2.2(b) and Lemma 4.3.2 with j = 2. It follows that

. A1 ]
Qo= > w0
a1 N<(<2a, N P plarAg - - Ay)
02,00y O
(Ai,AJ‘)—l

(AgAp,A0)=1

+ Z Z w(ﬁ) Z [Al)‘p1+)‘p1)‘1+)‘p1)‘p1]'

PR NN
Yepr<ztle ulN 20N 52,0 B ¢)
n n 32,0k
(83.07)=1

(Ag--Ap,Apy £)=1
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We now use Lemma 4.3.3 and (4.4). This gives

. Y2(0) $(A) F 1S (D — DD — D! ~pyboo
@ 2 ¢lar) A (log2)*"" (D + D —k — 1)!CD"“

a1 N<€<2a1N

w(l) $(4) 16 (D —1)(D—1)!
to2 2 ¢(ar) A (logz)”*P=* (D 4+ D —k — 1)! -

Y<p1<zl/e N p 201N
P1 - P1

D—k _ D+D—k—1—i
{—Zcf+D_k_l(1ogZ) (10gp > Coo (=P
1

=0

D—k B - D+D—k—1—i _ ~
SO g (logp) ARSI
i=0 1

N - D+D—k—1
+ (1os )
Y41

2 (¢ w(l
+O< 2 b;c—<a)5N>+O > X logk#w

a1 N<£<2a1 N Y<p1§Zl/<p a1N<Z<2a1N
p1 pr1

N loglog N

W’ Wthh can be
og )

By the prime number theorem, the last O-term is <

absorbed in =. So is the first O-term, because

Z Y2(f) < Z Z w(l) < %.

a1 N<t<2a1 N Y<py <Net+1/2 a;lN <t< 2211N

It remains to treat the first two terms. Observe that

2. wl = > 3 1k )]

a1N<€S2a1N Y<p1<N1/2 a]_1N<p2_2a]_1N N1/2<p1 %<P S21;11N
p1<p2
Z a N ) N loglogN
N log(N log? N ’
yer D Pr108(N/p1) g

because the last double sum is

N
< Y Yool ) Yook N

1 2 N 1 1 1
N2<pi<y2aiN p1<pa<== NZ<p1<v2aiN N2<py<2a1 N3
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Therefore,

k—1 N
I 6N (D — 1)'(D - 1)! CD+f)—2k 1
@ log"”'z (D+D—-k—-1) 7" 2 p1log(N/pi)

Y<p1<N1/2
P ISN (D —1)I(D —1)! 3 _
logP D2, (D—i—ﬁ—k—l)!;@ p1log(N/p1)

D+D—k—1—i

D—k
SO oy (s ) G
i=0 1

p1<zl/¢

_ = CD+5—2k 5 D+D—k—1
— [D «— D] + Dek logﬁ s
1

where the meaning of [D = D] should be clear. Here we note that when this
symbol occurs later, its meaning may differ but should also be clear from the
context.

We now expand (logz — ¢ log p;)™ in the braces by binomial theorem. Each
term in the sums over p; is then of the form

a(logz)"Vi(ps),

where
) _ (lOg (A )m1

T log(N/y1)
We go to apply Proposition 2.4.8. By Proposition 2.4.9 the contributions from

Vi (y1

R;’s altogether are < oA which is acceptable. We then group the resulting
0g
Vo’s by reversing the binomial expansions. This results in

1
~ N2
F=IgN (D — DI(D —1)! 5_ 1
Qy = p OGN ( i >C§ff * duy

log" 'z (D+D—k—1) (u1 loguy) log(N/us)

Z1/e

N ¢ 1SN (D —1)I(D —1)! / 1
log” P2 (D + D — k — 1)! J (u1 loguy ) log(N/uy)
D—k N ' 5 D+D—k—1—i _
— ZCerD_k_l(logz)’(logu—(p) Co i (=1)P k-
i=0 1

= CD+E)—2k 5 D4+D—k—1
—[D=D] + G, logﬁ duy .

1

We next use the change of variable u; = 2°/%. Noting that

duq (le/w)lo%d% dxq

up loguy (le/ﬂ%logz T
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89

we have
. sy
QQ . S016—16]\[ (D — 1)|(D — 1)‘ D+D—2k b daj'l
log" 2 (D+D—k—1) " z1(plogN — 21 logz)
U
~ 1
+¢k—16N (D—-1YD —1)! / ¥
o8> (D= D— k- 1) TlpTogN o)
n
D—k
= OO () (L ) P
i=0
D=5 ¢ OO - mD*ﬁ"“‘l} de:.
By using

1

1
plogN — x1logz

plogN — x1logN + Cxq loglogN

1 log log N
= -— 1 _—
(¢ — 1) logN ( i O( logN ))

uniformly in the range of x; under consideration, and then using

logN loglog N
ploeiN _ ¥ (4 o) og log ’
2logz 2 logN

we see that

- 5
2 logN logh~!~ (D + D—k— 1)! oer r1(p — 1) '
n
1
o*6N (D - )!

logN logh 1~ (D+D k—l'/xl — 1) {

3 R

— [D = 5] + Cgtfi%(l — xl)D+Bk1} d&?l.

The result follows.

Q.E.D.
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4.5 Interlude: gaps between prime numbers

In this section, we shall discuss in a relaxed manner the existence of narrow
gaps between prime numbers.

To begin, recall that we have come up with the following asymptotic formulas:

2

> > A PON [(D =D copans
01,0k ~ & T P
N<n<anN \sjamtb, ’ log" N (2D — k —2)!

k—1 2
¥ SN [(D — 1)'] 2D—2k
Y wlamtb) | Y A s ~ - Q2P
N<n<2N 51l asmtbs g log"N (2D —k —1)!

which are the results of Theorem 4.2.2 and Theorem 4.4.2.

Let’s assume for the time being that a; = ay = --- = a;. Now, if one can
show that for some k,

2

Z [w(ayn+by) + - + w(agn+by) — 1] Z A5 s ] >0

N<n<2N 8;|aintb;

for all arbitrarily large IV, then we would obtain an important result in number
theory, namely

lim inf(pp41 — pn) < max{|b; — bj’} < 0,

n—o0

where p,, denotes the n'® prime.
To achieve this, we try to show
EO
e (2D —k—1) bkt

for some k and D > k + 1, as the asymptotic formulas suggest. Note that the
left hand side is

_ (o k(2D —2k)(2D — 2k — 1)
et (D= k) (D —k)2D — k — 1)

—1].

When D ~ k + vk, k sufficiently large, the terms in the square brackets are

kE2vVEk -2k 4

l=—-1.

ovVE-VE-E @

This demonstrates that, if we are allowed to take ¢ < 4, then we would
succeed in showing that bounded gaps between consecutive primes occur
infinitely many often.
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Our established results, however, only allow that ¢ is not less than 4. The
reason is as follows. Observe that ¢ corresponds to the truncation of our A? sieve
(see Defintion 4.2.1). When evaluating the asymptotic formula for ¢, on the
one hand we have used Bombieri-Vinogradov Theorem, which allows the level of
distribution to be %; while on the other hand, we sacrifice half such information
(due to the presence of the square in A?) to ensure a nonnegative sieve. Therefore,
the truncation parameter ¢ is required to be at least 4.

Nevertheless, as we have just seen, we are close to proving the statement

lim inf(p,+1 — pn) < 00, and this can be achieved if one makes a hypothesis that
n—oo

the level of distribution can be > % + €.
To compensate the deficiency of an € unconditionally, perhaps one may think
of the expression

Z [Z w(ain +b) — 1] Z )‘35317---,%

N<n<2N Lb<h 6Z|aln—|—bl

with h = elogN, as suggested by the prime number theorem. Observe that this
corresponds to a result of the type

lim inf Pni1 = Pn <e.
n—oo logp,,

Indeed, by considering a similar sum, and also summing over different admissible
k-tuples for an averaging effect, the result in [7] is that

lim inf Pot1 = Pn _ 0,
n—00 logpn

which can be interpreted as follows [17] :“there are infinitely many primes for
which the gap to the next prime is as small as we want compared to the average
gap between consecutive primes”. As a result, we know that small gaps between
primes exist.

How about bounded gaps? In his breakthrough paper[21], Zhang succeeds
in overcoming the threshold % for the Bombieri-Vinogradov theorem when the
moduli are only composed by small primes. We need to impose a constraint on
the sieve in order that this Bombieri-Vinogradov type theorem can be used, and
it turns out that the gain in the level of distribution outweighs the loss due to
the constraint. As a result, we have a more powerful sieve, and this leads to the
answer that bounded gaps between primes exist.
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4.6 Towards j > 3

We now consider a general j > 3, and fix ¢ = 4 from now on.
By Theorem 2.2.2(b) and Lemma 4.3.2,

[2[5151]=P1“pr )\51 )\51

Z > > e )

¢(G1A2 e Ak)
r= a N 2a1 N 62,..,0k
Y<p1< <1ar<z7xr o S =S
82,...,0k
(A,A5)=1

(Ag--Ap,Apy--prb)=1

By Lemma 4.3.3, the right hand side is

<.
|
—

. 3 3 %Upe) 6(4) 46 w-nbon
N 2a1 N gb(al) A (IOgZ)D+5_2 (DJrEfkfl)!

TN 20N
Y<pi<--<pr<z4 oo S

\3
I
o

D+D—k—1—i

-— 1 ' z —2-i De—k—i
~Z (81 (0 )ZCDHJ . <1 g54) (10g§> Co (=)~
[01,01]=p1- Pr =0 )

51<61 <214

D—k i D+D—k—1—i
< D+D—k—1 z z D—2—i Bek—i
+ ) u(Bu(6) Y C* <log§> (10g5—4> Cs (=1
1

[61,01)=p1-pr =0
51<61<21
7j—1
+0 § : E : § : 7j<£’pr)
(logN)k=05 1~
r=0 1l ayN 2a1 N
Y<p1<-<pr<zd 15 <S50,

prpr<z%/4

where the condition p1 pr < 2%* in the O-term is due to the requirement
)\51>\ # 0 for [0y, (51] 1" Pre

We shall write [D = IN)] for the second sum in the braces, because by
symmetry it suffices to focus on the first sum inside. Similar to before, we
shall use [D = D] generally, so that its meaning varies each time.

By letting

Sr=8)= Y  wulp)

a1 N < 2a1 N
Pl Pr —P1Pr
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4.6. Towards j > 3
we get
(4.5)

j—1

L S, ¢(4) 4'S (D —1DID—1)!
Q] - Z Z ¢(a1) A (logz)D+5_2 (D i 5 i 1>‘ X

=0

<

1
Y<pi<--<pr<z4

D+D—k—1—i

> u(8)u(d) ZCD*D - 1(10g54) (10%) Coo(-17™

[61,61]=p1pr
~ 1
01<61<z4

7j—1
~ S
D=2D O -
+[D= D] + Z Z _ (logN)F=05
=0 Y<pi1<- <pr<z1
pP1- pr<21/2

When 0 <r < j — 2, we split .S, into

> yllpe) A+ > ullpy) = Sem + Seo
a1 N 2a1 N a1 N 2a1 N
P1 - Pr ZS P11 Pr P11 Pr <£S P1Pr
E=pra1pj, Pro1<-<pj (=pri1Pj; Pr41<<pj
p1-p;_ <N N<pi-p?_,

We go to show that the contribution from S, »’s can be absorbed in =.

Lemma 4.6.1
N(loglogN)*
D, Sho < — =g
log® N
Y<p1<- <pr<z4
Proof
Clearly,

(4.6) Yo So < > Y 3 Yoot

Y<pi<N Y<pj_2<N Y<p]'_1<N a1 N < 2a1 N

N Pl Pj— 1<p3 P1Pj—1
Ve
p1Pj_2 7 Pj—1<pj

1
Y<p1<--<pr<z%

Since
< 2CL1N
p. S —
! b1 Pji-1 = N > )2/ >Y%7
pl. . .p._2 / al
Y <pj-1<pj ’
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the right hand side of (4.6) is

1
Y<pi<N Y<pj—2<N N p; <N pj_i1<pj<—alN
~ 1\ o2 P1Pj_1
>Y2
P D2
< 2 X > > !
Y<pi<N Y<p;j_o<N N 2a1 N \/ N
, <pj<2a1, [ 5"
Sy ,/pl..pj72<10rl<\/pl.4pj72 propj_2 7 P P2
P Pj_2

< Z . Z Z —pl"];’[j”

logY
Y<pi<N Y<pj_a<N a
1 NJ 2>Y% /$<pj_1<,/pfﬂ}ji2
P1Pj—2
N N(loglogN)*
<<Z Z 12<<(1g2g)'
Y<pi<N Y<pj72<N pl' : 'pj—Q Og Y Og N
1
Y
Q.E.D.
The contribution of S, o to Q; in (4.5) is therefore
logz)P+P-k1 N(loglogN)*
< z Y s ML
. (logz)P+p=2 (logN)k+
=0 yepri<o<pr<zd
which can be absorbed in =. Thus, by writing S;_; » = S;—1, we can replace
every S, occurred in (4.5) by S, s

Denote by C;(r) the condition p; - - -pjz_1 < Nif0<r<j—2 and be void
if r =7 —1. The O-term in (4.5) is

< Z > > 1
(logN)k=0-5
1 a1 N < 2a1 N
Y<p1< <prlzi P D 1 Py_plupjil
p1-pr<z 1/2
Y<pry1<--<pj_1

Cj(r)

ED VDS :

N(loglogN)#
£ | P pj—1 logY (logN )F=03 (log N )++05
Y<pi<--<py<z1
prpr<z'/?
Y<pri1<-+<pj_1
Cj(r)

which is acceptable.
Noting that
alN
— <pj
p1Pj—1 = Dj—1 < Dy,
Py p?_ <N
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and that %(€|pj_1) = w(), we arrive from (4.5)

E § }: 1 ¢(4) 46 (-1d-1) y
= 1 N oy Olar) A (logz)P+P=2 (D+D-k-1)!
Y<;v1< <pr<zd pr- %, — <P <1~ 1}] 1
Y<pr41<---<pj_1

C;(r)

D+D—k—1—i

DkDDkl ' z D—2—i Dek—i
> u()u(6) > Cr (10g5 ) (10g§> Cooi(=1)7
1

[61,01]=p1-pr =0
51<81<z1
+[D = D].
. N :
If r<j — 1, then by C;(r) we have log——— >logp,;_1 >logY >logN , else if
P1Pj-1
N
r=73—1 by p-pj_1 < 21 we also have log—— > logN. Hence, by the
P1--Pj-1
prime number theorem, we obtain
_ AISN  (po1y(B1y LA 1
Qi = DtD— = Z N %
"= yepi<<pr<za P17 Pj-1108 o
Y<Pr+1<"'<ll7j7]_ 1 pjfl

C;(m)

D+D—k—1—i

> u(61)p ZC - 1(1og 54) <1og~> Coo(=1)P

[61,01]=p1- Pr =0
5y <&y <4

+[D= D).

It is possible to obtain a general asymptotic formula for @;’s here. However, for
practical reason, we shall end our discussion now and deal with them case by
case.

4.7 Asymptotic formulas for ()3, )4, and Q)

By the previous discussion, we have

Q3 N 4k—16N (D — 1) (IN) 1) Z i CD+1571€7100727¢(_1>D,,C,¢
- D+D 2 i D—k—i
(10g2> (D + D k ) (61, 51 . 15,9) =0

( i D+D—k—1—1i )
z z
<logg) (10g§>
h ~
DD

fo<p1<g0 f1(p1)<p2<gi(p1) p1p2 log——
P1P2
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where the choice of (d;, gl, +, fi, ;) can be retrieved from the following table:

0 =10 = fo=19g0= fl(yl) = 91(y1) =
| 1 1 |+ v | N3 n y
2 1 p ||—| Y i yﬁl
3| p m ||t Y 27 %
1
Al 1 ppe ||+ YV | s v 2
1
S m |pp:2|—| Y s n 2_211
1
6| p2 |pip2|—| Y 25 Y1 Z_Zf
7 P1 P2 -+ Y Z% Y1 z%
1
8 || pip2 | pip2 || + Y 28 Y1 Z—Zf

The f;, g; are found from right to left so that we determine fi, g1 before fo, go.
Note that we have §; = J; in the rows marked by (x), and for each of the

remaining rows, we have ¢; < d1, so there is a corresponding term in [D = D].

To deal with the sum
. D+D—k—1—i
1 2\ | z
ogé—% Ogg

2. 2 N ,

fo<p1<go f1(p1)<p2<g1(p1) p1p2 log——
DP1p2

we first use multinomial theorem to expand the logarithms. Each term in the
expansions is of the form

a(logz)™ Z Z Va(p1, p2),

fo<p1<g0 f1(p1)<p2<g1(p1)

where
(logy1)™ (log ya)™>

‘/YQ(yla yQ) — N
Y1y2 log—
Y1Y2
We then apply Proposition 2.4.8. Firstly, note that for fo < y1 < go,
2

f1(y1) < yo < g1(y1), we have y;yo < N3, and that the logarithm derivatives of
fi’s, gi’s satisfy property(iii) of Proposition 2 4.9. Therefore, by that result, the
contributions from R;’s altogether are < o 1 ~- oecondly, we can group all of
the resulting Vj’s by reversing the multmomlal expansions.
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It follows that the sum is

( ) (log - )Z (10g . >D+Dk1i
go g1 (u1 N AN - ~
St (5
/ / (1) (91) dusdu; + O(—l ),

log" N

o piwy  (wilogur)(uslogus) 10gu1u2

where O is the function that replaces every p; in 4y, 51 by ;.

zi/4

We next use the change of variable u; = z%/*. This gives

. 46N (D-1)(D - 1)! DBk D2t bk
@s = (log2)* " (D 4+ D — k — 1)! Z ZC CooaD

Eéifzgz

g1(z1 ~ ~
% o) =i =D+D—-k—1—1i _

+ i dxod D& D
/ z125(logN — 2522 Jogz) radiy ¢+ | )

fo fi(z1)

where the choice of (Z, =, 4+, fi, 8;) can be retrieved from the following table:

Table 4.7.1

E(w1,m2) = | S(@,72) = | £ || fo=| go= || ilz) = | g(z1) =
vl L [ o [ o e g
2 1 1 - — 1l m 1 Ul % -3
3* 1— 1— +1 7 1 N Bt -y
4 1 1—zy— 29 || + i % Ty 1—o
5 1—a 1l—zy— 29 || — i % Ty 1—x
6 1— 29 1l—21—29 | — n % T 1— 2
7 1—x 1— 2y +1 n 1 1 1
NN l—ax1—29 |1 —21 — 29 || + n % T 1—x

Lastly, we would like to replace every logz that occurs by loglN. We have
logz = logN — CloglogN. For the ranges of x1, x5 under consideration, we have
PR < Ng, and so 1 — ”“Z“ >1— 23ﬁ > 0. Therefore, if we first replace
(logN — Bd22Jogz) by (1 — BE22) log N in the integrand, then replace 7% logN by 1
in Table 4.7.1, and finally replace (logz)*~! by (logIN)*~! | all O-terms produced

are acceptable.

In conclusion, we have proved the following theorem:
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Theorem 4.7.1
Let £ be HB-admissible, and let

Qs = Z Y3(ain+by) Z X5r.o b Z /\g 5 |

N<n<2N 51|a1n-|-b1 g‘aln_\_bl

where 3 is given by Definition 4.3.1 and )\g .... 5. 18 gwen by Defintion 4.2.1.
Suppose D, D>k+ 1, and ¢ = 4. Then

SN (D —1)Y(D —1)!

Qs = > X
logN _
(log7)* (D+D k= 1) (EE,£,}i,0:) [D=D]

go 91(1) ~ +D ke1—i
CD+D k— 1CD 2—i D—k—i :I:/ / : d332d331 )
; poii(=1) T122(4 — 21 — 2)
fo fi(z1)

[I]

where

(i) the sum over (Z, =, &+, fi,8:) is to refer Table 4.7.1, with every logz replaced
by logN;

(11) fOT‘ each (Evéa j:afiagi)y

2 Top

[D=D] TD75 + 15, otherwise.

if the corresponding row in Table 4.7.1
is marked by (x);

TD D
We proceed to evaluate ()4 in a similar way.

Theorem 4.7.2
Let £ be HB-admissible, and let

Q4= Z Ya(arn+by) Z X5, 5 Z )‘551 5 |

N<n<2N di|aintb; 5i|aintb;

where 7y, s giwen by Definition 4.3.1 and )\g 7777 5. s gwen by Defintion 4.2.1.
Suppose D, D >k+1, and p =4. Then

. 46N (D -1)Y(D - 1)! DBkt ND—2i ) o pps
O = (1ogN)k(D+5_k_1).( Z ZC Co-ni=1)

go 91(901) 92(901,962) L~ ~ .
= ED+D_k_1_Zdl'1dl’2dSC3

+
$1$2$3(4—Q?1 —1'2—33'3)

fo fi(z1) fo(z1,z2)

where the sum over (=, E, +,fi,9:) is to refer Table 4.7.2 below, and the sum over
[D = DJ is to follow the convention in Theorem 4.7.1.



Qs

D+D—2 D—k—1)
(10gZ) (D + D k 1) (51,517i fz:gz)

( . DD—k—1—i
z z
go(Po g1 p1)g2(P2) log(S_jl 10g5—4
1 ~
£ ¥ +[D= D],
fo(po) f1(pP1) f2(pP2) P1p2ap3 log——
P1p2ps3
\ J
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Table 4.7.2
E(w1,@2,23)= | E(w1,@2,w3)= fo= | go= || fi(@1)= |gi(@1)= || fa(w1,m2)= | g2(w1,m2)=
1* 1 1 n | 1 =) e T2 2-L-22
2 1 1—x4 - n 1 n %—% T2 2—%—%
3* 1—x1 1—x1 + n 1 n %—% To 2—%—%
4 1 l1-z1—x2 + n % T1 1—z1 n 2—%—3%2
5 1—z1 l1-z1—x2 - n % T1 1—z n 2—%—9%2
6 1—x2 l—z1—x2 - n % 1 1—x1 n 2—%—%
7 1—2x1 1—x2 n 1 1 1 n 2—%—%
8* 1—z1—x2 1—xz1—x2 n % 1 1—x1 n 2—%—%
9 1 l—z1—z2—23 || — n % T1 %—% T2 1-z1—x2
10 1—2x1 l—z1—z2—23 || + n % T1 %—% T2 1-z1—x2
11 11—z l—z1—x9—23 + n % x1 %—% x9 l—xz1—x2
12 1—z3 l—z1—x9—23 + n % x1 %—% x9 l—x1—x2
13 l—x1—x2 l—x1—x2—23 n % T %—% x9 l—xz1—x2
14 l—xz1—x3 l—z1—x9—23 - n % T %—% x9 l—xz1—x2
15 l—x9—x3 l—x1—x2—23 - n % 1 %7% x9 l—xz1—x2
16 1—x1 l—xo—x3 - n % T % x9 1—x2
17 l—x1—x2 1l—xo—x3 + n % T % x9 1—x2
18 l—x1—x3 l—x9—x3 + n % T % x9 1—x2
19 1—xz2 l1—xz1—x3 — n % x1 11—z X9 1—x1
20 1—x1—x2 1—z1—x3 + n % X 1—x1 X9 1—x1
2la 1—z3 1—x1—x2 — n % X1 1—x1 X2 xr1+xo
21b 1—z1—xo 1—x3 - n % x1 1—z1 xr1+x2 1
22* l—z1—29—23 | 1—21—22—23 + n % 1 %7% T2 l1—x1—x2
Proof
The proof is similar to that of Theorem 4.7.1, so we only give a sketch. By
9i(pi)
/
writing Z to denote the sum Z , we have
fi(pi) Ji(P1)<pi+1<gi(Pi)
41N (D —1)I(D —1)!

B N
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where we refer to the following table for the sum over (4, 51, +, fi,9:):

5= di= || £ || fo=| go= || ilv1)= |g1(v1)= || fo(y1,y2)= | g2(¥1,92)=
1 1
1* 1 1 + Y | N4 Y1 (%)3 Y2 ﬁ
1 Nyi N
2 1 1 - Y z4 Y (a 3 y2 T
1 1
3" P p1 +| Y | 2% Y ()3 Y2 T
1 : ~
4 1 P1P2 + Y z8 Y1 Z!/T Y Tivs
i
1 1
5 1 pp2 || — || Y | 28 1 Zy—l Y Vv
1
1 1
6 D2 P1p2 - Y | 28 Y1 o Y y1Nyg
1 1 N
7 p1 D2 + Y 21 1 21 v —
1
1 1
8" P1p2 P1p2 + Y 28 Y1 zyT Y ﬁ
1 ! I
9 1 pipeps || — || Y | 212 Y1 Yon Y2 s
1 8 1
10 P1 p1p2ps || + Y | 212 Y1 zyl Y2 yzlyz
1 1 1
L 28 s
11 D2 p1p2ps || + Y | 212 Y1 e Y2 viva
1 1 1
1 28 s
12 D3 pip2p3 || + Y | 212 Y1 7 Y2 s
1 3 1
13 pip2 | pip2p3 || — Y | 212 i Zyl Y2 yzly2
; ! I
14 p1ps | pip2ps || — Y | 212 Y1 Yl Y2 g
1 8 1
15 p2p3 | pip2p3 || — Y | 212 Y1 Yon Y2 IR
1
1 1 24
16 p1 P2P3 - Y 28 Y1 28 Y2 I
1 1 1
1 1 L1
17 P1p2 p2p3 + Y z8 Y1 z8 Y2 iy
T
1 1 4
18 || pips | paps ||+ || YV | 28 Y1 z8 Y2 o
1 1 i
19 D2 P1p3 - Y 28 Y1 ZyT Y2 zT
1 1 T
3 z4 24
20 DP1P2 DP1P3 + Y 28 Y1 o Y2 i
1 1
2la P3 P1p2 - Y 28 Y1 zyT Y2 Y1Y2
1 1 1
1 -4 1
21b p1p2 P3 - Y 28 Y o Y1y2 z4
1 3 1
22* || pip2p3 | pip2ps || + Y | 212 Y1 Yo Y2 s

The f;, g; are found from right to left. We have §; = 4 in the rows marked
by (%), and for each of the remaining rows, we have §; < d;, so there is a
corresponding term in [D = D]. Note that the 215 row is split into two, since
the cases p3 < p1p2 and pips < p3 are both possible.

Note that for fo(yi) < vi < g:(yi), we have yy0y3 < N1, and that the loga-
rithm derivatives of f;’s, g;’s satisfy property(iii) of Proposition 2.4.9. Therefore,
we can again apply Proposition 2.4.8 together with Proposition 2.4.9.
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This gives

41N (D —1)YD —1)! : .
Q4 = ——— ( N) ( ) Z ZCDJrD k— 1C§ 2 Z( )D—k—z
(logz)P*P=2(D+ D — k — 1)!
(81,01, fi,95) ©

) D4+D—k—1—i 3\
z ’ z
g0 g1(u1) ga(u1,u2) (bgm) (logm>
1 1
N

dU3dU2dU1

(

{ =+

fo fi(u1) fa(ui,u2) (ul logul) (u2 10gu2) (U3 logug) log UL U2US

Finally, we make use of the change of variable u; = 2%/ and then replace every z

occurred by N. By noting that 1 — #2242 > 1 342 > () the O-term produced
are acceptable. The result follows.

Q.E.D.

We end by evaluating Q)5. As suggested by Lemma 2.3.1, formally there are

39+1 3'4+1 324+1 3+1 341

sttty T =63

rows in the corresponding table.

Theorem 4.7.3
Let £ be HB-admissible, and let

Qs = Z ¥s(ain+by) Z X5r b Z )‘2?1 ..... 5 |

N<n<2N 8ilaintb; gz‘azn‘\'bz

where 5 is given by Definition 4.3.1 and )\g 77777 5. s given by Defintion 4.2.1.
Suppose D, D>k+ 1, and ¢ = 4. Then

(logN)* (D + D — k= 1)! 2

4SSN (D= DD —1)! S DBk iD_3—s A
QE) = ( ,1V)< ) Z ZCZ CD,k,i<_1)D7k72
=0

o
D:D]

go 91(x1) g2(x2) g3(xs)

:|:/ / / / El ED+D_k_1_idJZ1dZEQdI3d$4
$1I‘2l’3$4(4—$1—$2—l’3 —JI4>

fo fi(x1) fa(x2) fs(xs)

where the sum over (Z, E, +,fi, 8i) is to refer Table 4.7.3 below, and the sum over
[D = D] is to follow the convention in Theorem 4.7.1.
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Table 4.7.3

o) o) ™) o) o) o) ™) o) o) o) o) o) ™) o) o) ™) o) o) o) ™) o) o) o)
a‘” a“" é«:‘” a‘”a”a““ H‘N &‘” a”a‘” H‘N &‘”a“a‘” H‘N e«:‘”a”a”a“" H‘N a‘”a”a““
I L FLoa] P Lo Lo
o o [ 8 N o [ 8 N o [ 8 N o o [ 8 o o 8 8 N o
“® a‘” H‘N a“" a‘” a‘“ a‘” H‘N &‘” a““ a‘” a‘” &‘” sa‘” a‘” a‘c" a“" a‘” a‘” H‘N a“" a‘” a‘“ a‘”
A | | | | | | | | | | | | | | | | | | | | | |
o ] — — ] ] — — | ] ] —| | ] ] — — ] ] — — ] ] —
S H‘N s‘” a“\' a‘” H‘N H‘N H‘N sz‘” H‘N H‘N a“\' sz“" s‘“ H‘N N‘N &:“\' sa‘“ H‘N s‘” H‘N a‘” H‘N H‘N
| | | | | | | | | | | | | | | | | | | | | | |
alla|allajlalajlalallajlajlalalajlalajlajlalalalcalc| o«
I
—
o0 o el laed ™ o a2l loe faed
SIS S BB S EEE s s s|s|s|s|s|s|s|s| 5|55
Na¥
a2
Bl
o o 8 N N o [ 8
i | 81o|| 8| 81| | &leof &leo| ol S| BVl 1| | & & & &) & . g8
~| | | | I | | | | | | | | | | al al af =| =| & ‘
% Aol | 10| £l | 52| 51| 5| st || | 51 5| 5| 5| 5| & E’f El* &f zf E’f =] =
Zla 817 & 817 &1 &1 81| & ele Tz &Iq Tz sle s‘z z-‘q LU R T O B 3‘;
O | | | | | | | | 8
2
<tlon| | stlen| st | Hlen| tlen| stlen| tlen| tlen|| —H | —H | | — | — | — | — —
I ~
& 3
N N N N o N N N o N 3l N o N N 3l o
Rl s|| 8| &|| T F|F| S| S| 88| &| 8| 8|88 &|s|s|a]s]stls
o~ 8
fal
I
—
| A<l A< A< —| —| ~ S Sl Sl Sl Sl S| gl Sl | | 5l g5
gl el & &) & | & o) & &) gl 1o e 1 e | | 8BRS !
20 | | | | | | | | | | | | | | | | I |
;z — — | - — — | - — | =IO =N AN AN ] = | — | — — | =l
I
—
% | 8 8| 8| 8| 8|8 8|8 s8|a|ls|s8|a|ls8|8]8|ls8]8]8|s8]s8
=
=
Sad
53
Ii, c|| | || | | | | || &| | & | | & | | | | 5| & 5| = =
2
H| + [ e [ T I o O B s ol I o B o I | [ e s o A s = I+
o0 o0 e laed o o0 [l [zl
I B B B IS | I S S I S S G S R I A S
i N = = A A A R RA R R A = = = A
%
e I N R R U e e A R A R R R
O A I A A R (L I U L O B
— — — — i — — —
[zl
)
Il o™ [5e] 2] [l [2e] N o ‘
Jy , | al o I I L R O Y S (i
2l =1~ ISR R R R R R N I e S B R S
ut | R U L U O S B B L N L I SR O
— — — — i — — — ‘&
i
f laltllwlwlolelzllalomlalo|lx|vjo|=lolo|lo|S|2|4
i [ap] 0 i — — — i — — i i i [a\] ~ o N

(continued on the next page)
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(ab60d 3ToU 2Y] UO PINULIUOD)

mH|N&|ﬂH|ﬂ cx %ﬂ|%&|% cx %&|M Tx W N — ¢R|mH|NH|H&|H wH|m&|mH|ﬂ 1€
Erxr—Cr—Tlr—7 €x %H\Hha\m <x W\m Tx w L — VYr—¢r—Ctr—lerx—71 | Vo—€x—Tor—7 9¢
€x—Cr—Tr—7 e %Hlﬁhalw [ w,slw 1z w b — || ve—szx—tr—1tx—1 | Vx—C0x—Tz—1 || CE
gx—tx—Tx—T ex %&lem oz Wlm Tz w n — || vz—ez—2x—12—1 | €Ex—Czx—Tx—T1 || BO
gx—tx—Tx—T gx =—5-¢ cx Wlm Tz 4 b + || ve—tz—Cz—T2—7 Yr—€r—7 ce
ex—Cx—Tr—7 ex %&\W\m Tx W\m Tz w b + || ¥z—tx—Tx—TT—T vr—ox—1 ze
Erx—Cr—Tr—7 € %H\Hha\w < W\m Tx w L + Vr—¢r—cr—lr—1 €xr—Cxr—7 1€
fr—cr—ler—7 €x %&I%ﬂlm cx %@Im Tz w b + Vx—er—ox—lr—7 vr—Tlr—1 0¢
gx—Tr—Tx—7 €x =-£-¢ cx Wlm Tx z In + || vr—tx—tx—T12—1 gx—Tor—7 62
€r—Ccr—Tr—7 €x %alﬁhalm cx Wlm Tx w L + VYr—er—cr—Tr—7 cr—Tr—7 °t4
€x—Cr—lo—1 ex %a\%a\m T W\m Tz w In — || vz—ex—cx—T2—1 vo—1 12
€x—Cr—Tr—T e %alﬁhalw Zx %alm iz w L — || vz—ez—2z—12—1 €r—1 97
gx—tx—Tx—T ex %@I%&IW Tx Wlm Tz w N — || vz—ez—2z—T2—1 Cr—1 ey
€r—Ccr—Tr—7 €x %al%alm <x Wlm Tx w L — Yr—er—Ctr—Tr—T1 Tr—1 ¥
€rxr—Cr—Tr—7 €x %&\%&\m < W\m Tx w L + VYr—er—Ccr—1lr—1 1 ez
=(ex)es | =(sx)el || =(ex)m | =(@e || =()18 | =(1 [ =08 [ =of [ ¥ =(sx)g =(sx)z
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(abvd 1ToU Y7 UO PINUWUOD)

€x—Tr—7 €T %&\w x %H\m Tz m L + Yr—€r—lex—7 | Va—Crx—Tx—7 o¢
Cx—Tlr—7 Sx ﬁha\w (4 W\m Tx w L + Vr—¢xr—lex—1 | €x—%xr—lr—7 6¥
gx—Tor—7 ex ﬁhalm cx %&Im 1z m In — || ve—tx—T—1 vr—tr—1 Q¥
€r—Tx—7 €x %@l% cx Wlm Ix m N — Yr—ex—Tr—7 €x—Cr—7 LV
er—Tx—1 £x %&\m cx Hhs\w Tz m L — || ve—ex—12—1 tx—Tx—1 oF
Cx—Tor—7 € %&\m <x %@\m Tx m L + Ve—€r—Tor—7 cr—1 (€72
fx—2x—1 £z =-¢ tx £ T £ b + || va—sz—ta—1 | va—sz—12—1 || 3%
€x—Tr—1 ez ==t zx m Tz m L + || ve—ex—Tx—1 | Fx—Tz—Tz—71 || €}
€xr—Ccr—7 €x %@IW (4 m Tx m L + Vr—er—%r—71 | €x—Ctr—Txr—7 b4
€xr—Cr—7 €x %&\w x m Tx m L — VYr—€r—Ctr—71 Yr—Tlr—1 ¥
€x—Cr—7 ex %alw Zx m iz m L — || vz—ez—2m—1 €x—To—T oF
€x—Tr—7 ex %slm cx w 1z m L — || ve—tx—T2—1 Cx—Tx—1 6e
€x—Cr—7 €x %alm (4 m Tx m L + Yr—e€r—cr—i Tr—7 Q¢
=(ex)8 | =(ex)el || =(ex)28 | =(zx)7 || =(x)18 | =()1f || =08 [ =of [ [ =(ex)z =(sx)z
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Cr—cr—Tr—71 €x e 151 cx Wlm Tx w L + Ve—tr—cx—ler—1 | Va—tx—Ccr—lx—T +£9
Tx—¢x+4-Cx €x N&lﬁ cx m Tx M N + m.&lmH|ﬁ w&lﬂﬁ|ﬁ 929
Tz—1 Tx—€Sx+2x Tr—1 Tx m 1z m L 4 vr—lr—1 ex—Ctr—1 0Z9
cr—1 £x Tr—1 zx m 1z m L + vr—Cx—1 €x—Tlo—7 19
€x—1 €z g cx g Iz g b + vr—er—7 Crx—Tz—1 09
gx—1 (ta+Tz‘ex)xewt Awnmalﬁalﬁv:ﬁ: oz Wlw Tz m n — vr—er—7 gx—tx—Tx—T 96¢
o1z ez (2a4Tx'er—Tz—T)unm cx =-¢ Tz £ b — gx—tx—Tz—1 vr—fr—1 DEC
cr—1 tx41x cr—lr—7 cx W\m Tz m L - Vx—cr—1 €x—cr—lr—1 9]¢
sx4Tx €x tr—Tr—1 cx Hhslm Tx m U — €rx—Ctr—Tr—7 Yr—or—1 DRG
Tx—1 gx+42x cx—Tr—1 tx =-¢ Tz m L - vo—Tz—7 gx—Cx—Tx—T Q.8
€r4-%x €x cr—Tr—1 [ Wlm Tx m b — frx—cr—Tr—71 Yr—Tr—1 D)C
1 €x4-cxr+1x cr—lr—7 cx %&\m Tz m L + Yr—1 fx—cr—Tor—7 q99¢
ex4-cx+Tx e Cr—TIr—7 (& W\m Tx m U + €x—Cr—Tor—7 vr—1 D9G
tx—Tr—1 €z Cx—Tr—1 Zx =-¢ Tz m L + vr—tr—Tlr—7 gx—Cx—Tz—] ot
€r—1 ex M cx+Tx Halm Tx W N — vr—€xr—71 Yr—Tr—Tr—1 Q%G
cx—lx—71 ex ANHx_VH&,N&\HH\.:EME x ﬁh&\% Tx m L — vr—Ctr—lr—71 Yr—er—1 DHG
tr—TIr—7 € tr—TIr—7 T W\m Tx m U — Vr—Ctr—Txr—7 €r—Cxr—71 ec
tr—Tr—1 cx tr—Tr—1 cx %@Im Tz m L — vr—tr—Tz—7 frx—Tr—T7 s
tx—Tr—1 ex Cx—Tr—1 oz Wlw Tz m b + Yr—Cx—Tz—1 €x—1 1g
=(ex)ep = ()% =(ex)2 =@ || =(mm | =(m1 || =05 | =of || ¥ =(=)z =(=)=

4.7. Asymptotic formulas for QQ3, Q4 and Qs
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Proof

The proof is similar to the previous one, but at some point there is little
alteration, as we shall see shortly. Now

Q5 N 41N (D — 1) (IN) 1)! Z i CD+5—k—lCD—27i(_1>D,k,¢
- D+D 2 i D—k—i
(10g2> (‘D + ‘D k ) (51,51,i £5,94) =0

( i D4+D—k—1—i )
log— ) [log=
go(po)yl P1 92(p2)g3(p3) Ogg Ogg—il .

£35S ~ \ +[D = D),

fo(po) f1(p1) f2(p2) fa(ps)  P1P2psps log———
P1P2P3P4

\ Vs

where we refer to the table on the next few pages for the sum over (dy, gl, +, fi,9:)-

For fo(yi) < vi < ¢i(yi), we have yiyoysys < N¢, see row 7. Note that in
a number of rows, the f;, g; are not C* but piecewise C*> functions, due to the
involvement of max, min operations. However, we can split any such sums, so
that for each of the split sum only C* functions are involved. Moreover, it is easy
to see that their logarithm derivatives satisfy property(iii) of Proposition 2.4.9.
Therefore, we can again apply Proposition 2.4.8 together with Proposition 2.4.9.
This time not only the multinomial expansions are reversed after that, but also
the aforementioned sum-splitting process as well.

This results in

Os = 416N (D —1)(D —1)! 3 DZCM iD= (ot
n D+D 9 D—k—i
(log2) (D+D k=1 (61,01, %, fi,9:) =0

(

D+D—k—1—1 )
> dU4dU3dU2dU1

log — i log—~
N 90 971)9712)93(113) g@(éil) g@(gil)

Fo fi(u1) fa(uz) fa(us) (u1 logua ) (u2 loguz) (u3 logus) (u4 logua) IOg—u1u2u3u4

Finally, we make use of the change of variable u; = z%/* and then replace every
z occurred by N. By noting that 1 — fitzadstes 1 _ 52 > ( the O-term

6
produced are acceptable. The result follows.

Q.E.D.
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(abvd 1ToU Y2 UO PINULUOD)
SAATYINGAS X QS\WN efy H\m\/\mw % az | & + || ededid | ededid || ,zz
EATATA /N A X ww TARIA S\ww 1A mw A — ed ed1id Q1%
SAATYINGAS X chilf of S\wn 1 87 X — edid ed DIg
eAThTh/N /N X S\wm of S,\wn 17 87 X + edid ed1d 02
eRThth/N /N X 1]y ofi S\wn 14 gz | A || - | cdwd ed 61
EATARLA /N /N X mm\ww 2h mm 2 mm X + eded edid 8T
EATARA /N /N X Nm\wm 2h mm R mm A + eded edid LT
ERTATA NI A X mm\wm zh mw 1A mm A — eded Td 91
SRTATA /N /N A QS\WN cfi S\/\ma i az | X — || ededid | eded qT
eRehIR /N /N X Q@S\ww efi H\m\/\mw 1 m\HN X — || ededtd | edid A
SATRIA /N /N X SS\WN ef H\a\/\mw 7 m\HN X — || ededid | edid er
eRTRIA /N /N X gS\wn e H\m\/\mw 11 m\ﬂm A + || ededid ed A
eRTRIA /N /N X gS\ww 40 H\m\/\mw 17 m\ﬂm A + || ededid zd 11
eAehth/ N /N X SS\WN afi H\a\,\mw 11 az | A + || ededtd 1d 01
eAThTh/ N /N X QS\WN afi H\a\,\ma 11 az | A — || ededid 1 6
eAehth/ N /N efi mAgS\ZV A 1/ wm 11 mn X + edid edtd 8
ERTARA /N /N efi mmgs.\zv A wm 11 HHNN X + ed 1d .
eReh1A/ N /N e MAN\MS\ZV A S\ww 1 mn X - edid ad 9
eReh1A/ N /N efi mmmmg\zv A S\WN 1A mn A - edid 1d G
ERTATA /N A ef mﬁgg\zv A S\wn 1A an A + cdid T ¥
ERTALA /N A e mASS\ZV eh WAS\ZV A wn A + 1d 1d «&
EATRIA/N /N & g (BAA/N) ot (/)| A ez A |- d I 4
ERTRIA /N /N € m?mi\zv 2h WAS\ZV 1 mZ A + 1 1 «T
=(8K)86 | =(eK)Ef || =(2L)26 | =(BA)Tf || =(TA)W | =(TA)Lf || =06 | =0f || F || =T =T
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EATATA z/1(CATR) o/ 1)
v7 o U efi e 1 oz | A || - || vasdedid | vasded
T 1 7
(A3 TR
€ATATA ef E Th m\H‘: 14 o1 % X _ vacdedid | vasdid
i /% Zi? a
T T T
EATATA N\ZN\LS m\lgv
L f 87 e iz th az | A vdededid | vdedid
T T 1
CATA TR
mmwmﬁm ch %Nv Zfh % 16 o2 X _ vdededid | ededid
T T T T
CATATHA . [ (CRTR) 1 (1R)
T7 o U ofi o 1A a7 | A | + || vavdedrd | vazd
T T T
€ACATA m\lmmgv m\lgv
T7 fi e o g 1 arz | A || + || vdededd | vded
T 1 7
CARTAR T4
€ATATA cfi E eh F: 14 o1 % X + vdedzdid cded
i 8% i ? a
T 1 7
€ATATH /1 (CATA) o ()
vz en \ﬂ ch \EN A ﬁN X + vdeded1d vd1d
T T T
€ACATA z lmii e ﬁASV
vz €A \% h \N‘J 1A %N A + vdededid edid
T 1 7
S (A3 TR
treala e g/ Zh ¢/1(H) " oz | x + [ +asgzara | zara
i /% zl? oL
T T i
€ATAlR ¢/1 AT ¢/1(FA)
_— € g/ g/t B .
T7 fi e o 217 1 a7 | A& vdededid | vd
T 1 7
ChRIA A
£ataln e RS g 21100 . v | 4 || = || vasacara | ca
|2 8 2t T
T 1 7
CACATA z ﬁﬁmmamv e ﬁ?@
=== €fi \ﬂ i \EN 173 az| & | - vdededid d
T T T
CRTATA m\lmmgv m\lgv
T7 fi 57 o g 1 2z | & vdededid | 1d
T 1 7
CTRIA T4
€ACAlA ef g1 2f g/10%) % o1z | & || + || vdededrd I
i /% Zi? ol
T T i
=(eK)e6 | =(eR)ef || =(z&)ab | =(e&)ef || =(10)16 | =(1&) 1) || =06 | =of || ¥ —tp S
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(abnd 3ToU Y} UO PINUUOD)

€ Hum h Zh 1A Z1% vdedtd | vdedid || og
w T

nmwm h Zf 16 717 vdedid | ededid || 6
v T
T

€R W@ h 2h 1 Z1% vdedtd vded ST
w T

€ Mn h Zh 1A Z1% vdedtd eded VA%
w T

mwwm h 2h 1 Z12 vdedid edid 9¥
4 T
T

€A wm ef 2h 1A 217 vdedtd cd (37
w T

mmwm h Zf 16 71z vdeded | vdedid || yy
4 T
T

mwma h 2h 1 Z12 vdeded | vdedid || ¢p
¥ T
T

mmm\“ h Zh 14 z1 7 vdeded | ededld || gy

T

T

mwmnm h 2h 1 Z12 vdeded vdid 184
4 T
T

mwm\w eh 3 16 717 vdeded ed1d o¥
4 T
T

mamna h Zh 14 71z vdeded cdid 6
w T

€ATH
57 Sh 2h 1A NH‘HN vdeded id ]¢
T

=(8K)¢€6 (eK)ef (ek)ef (18)1f HHM =T9
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€ARTALA g/ 1(CATR) e/1(Th)
e ef / — eh \N\J 14 az | X vdededtd | vdsdedid || g9
T T T
TR Th
o efi - oh ]z 1 8% eded vdid
€ATh WN g g A 29
1A 1A Ch
37 T 37 cfi MN 1h mm A vd1d eded DZ9
T T
TR N TR o
w‘w €f += eh 87 16 87 X vded ed1d 19
T T T T
7
m‘w €f 8% ah 8% 14 8% X vded ed1d 09
T
- - 17
| (ateyxen || (g2 S up eh e/ MN ) 1 az | x vded ededid || qpg
T < T
i T 1
173
hIA e (za1A L yuym o e/ MN ) 1 az | X eded1d vaed || vgg
T T '
"
m ERLh mwwm e N\MN v 1fi 21z | A vded tdedld | q8g
4 4 g T
T T T
CATA N\ﬁﬁﬁm.v
ERTR ef 37 ch e 1h fa% A ededid vded DRG
T I '
1A TATA (1h)
= eRTh = eh N\WN % az | X vdid ededid || qug
T T 1
Ch1A z/1(F)
efich ef = ef L 1% iz | X ededd vdid D)C
3 8 T
T T
CARLA N\HAHQV
vz eAiThith 37 < <7 1A fas A vd ededid Q9¢
T T
T T
. A 1A /100 .
SACRTA €f 77 cf o7 17 fa% A ededid vd DYG
T i '
TATA TALA (1)
- ¢f . eh N\WN % az | X vdedid ededid ce
T T T
m &f 8% efLhi m " az | X vded vdedid || qpg
1 8 1
T 1
173
mwwm o (e NMWVEE ” N\MN ) % az | x vded1d vded e
T T T '
2h1A 2h1A (TA)
. e i ofi B 7 az | X vdedid eded eg
T T T T
N y 3
NMW &f mwwp oh N\MN ) % ez | X vded1d edd zg
T T i '
THATA TATA (1h)
i eh = zh N\WN 7 az | X vded1d ed 1¢
T T T
=(8K)e6 =(8K)ef =(eK)eb =(28)ef || =(F&)W6 | =(TA)If || =06 | =0f =Tg =T
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4.8 Conclusion

We shall fix p =4, n = T124 and prove Theorem 1.2.2 and Theorem 1.2.3 in
this section.

Let us define some notations. Let o; = a;(n) := w(a;n+0b;). For 0<5<5, let
vg,;(m,n) be such that
4ESN

W : Uk,j(D - k, ﬁ — k)

QJ<D75):

We shall apply MATLAB to find vy, ;(m, n) (2<j<5) by numerical integrations.
The code used is included in Appendix A.

We let V, j(m) be the mxm matrix
’Uk,j(l,l) Um(l,m)

v, (m, 1) - vy (m,m)

Appendix B contains the Vj, ;(m)’s that are used in the proof below.

7777 E°
(1<i<h)

Proof of Theorem 1.2.2

(a) It suffices to show that there exist wy, ws such that

")/3(61271"—[72)
+
Z 72(@2714‘[)2) —1 (wlAg + WQA3)2
N<n<2N +

Y(an+by) + yi(agn+bs)
is positive for all arbitrarily large V.
By the established results, we see that it suffices to find wg such that

wol [2Va1 + Voo + Vag — Vaglwe > 0,

where all V3 ;’s are two by two matrices.

Let M be the resulting matrix in the square brackets. By the same idea
used in the proof of Theorem 1.2.1 (Section 3.4), we try to solve

—1 w1 0
M —1 Wa = 0
11 0 l 1
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Since the solution is approximately equal to

w, 0.4359
wy | = [ 0.5641 | ,
¢ 0.0359

the result follows.

(b) It suffices to show that there exist wy, wy such that

v3(aintb1) +  v3(azntha)

+ +

2

Z Yo(aintb1) +  v2(asntb2) +  y2(asntdbs) -2 (w1A§+w2Ag)
N<n<2N + + +

yi(aintb1)  +  vi(asndb2)  +  yi(azndbs)

is positive for all arbitrarily large V.

It in turn suffices to find wy such that
wo [3Vs1 + 3Vag + 2Vi 5 — 2Vsg]lwa > 0,

where all V3 ;’s are two by two matrices.

Let M be the resulting matrix in the square brackets. We try to solve

—1 w1 0
M —1 Wa == 0
11 0 l 1

Since the solution is approximately equal to

w, 0.3352
wy | = 10.6648 | |
¢ 0.2406

the result follows.
(¢) Now

Zyalainthby) +  PEya(aentby) +  PBoalasntbs) +  12ya(aantbs)
+ + + +
16 16 16 16
yslaintb)  +  qgys(aantba) +  ys(asntbs) +  py3(aantbs) )
6
E + + + + —4 (A4)
N<n<2N %’yg(aln—l—bl) + %’yz(azmbz) + %w(asmbs) + %’Yz(MN-HM)
+ + + +
| 22vi(aintb) 4+ Fvi(aantbs) +  Byilasntbs) +  12vi(aantbs)

is positive for all arbitrarily large N. It follows that there exist infinitely
many n such that the outcome in the square brackets is positive. For any
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such n, if we have v;(a1n+b;) = 0 for all 1 <j <4, then the outcome in the

square brackets is
20
<3x—-—-—4=0.
- 15
Hence, we must have 7 (a;n+b;) + 72 (a;n+b;) +v3(a;n+b;) + va(aintb;) = 1

for all 1<7<4. On the other hand, for this n, we have
4 4 4 4
E(? — 041) + 1—5(7 — OéQ) + 1—5(7 — Oég) + 1—5(7 — 064) > 4,
and so 13 > oy + s + a3 + ay. This shows [4:12,4].

(d) It suffices to show that there exist wy, wy such that

s (a;ntb;)

.M.u.
W=

-
Il
—

+
~va(a;ntb;)

VM,;:.
wl

@
Il
-

+

Z %ﬁ/s(a%—h) —4 (wlAZ + U)QAEDQ >0
N<n<2N

IR

@
Il
—

_l’_
Y2(aintb;)

<M.;:.
ol

s
Il
-

+
21 (aintb;)

1 .

'

L 4

for all arbitrarily large N, because
4

4
Z%(6—o¢i)>4 = 12> ) o

i=1 i=1
It in turn suffices to find wsy such that
Wol Mwoy > 0,

where M is the two by two matrix

4 4 3 2 1
=V, =V, -V -V —Vis —Vip.
34,1+34,2+34,3+34,4+34,5 4,0
We try to solve
—1 w1 0
M -1 Wa =10
1 1 0 /¢ 1

Since the solution is approximately equal to

w, 0.2126
wy | = [ 0.7874 ],
¢ 0.2178

the result follows.
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(e) It suffices to show that there exist wy, wq, w3 such that

5
> L5 (ainthi)

i=
+
5
> 3ra(ainthi)

i=1

+

Z 25: %73((11”4’61) -5 (wlAg + ngg + ngg)Z >0

=1
N<n<2N 4

5
21 50 v2 (aimeth;)

1=

+
5
> Fvi(ainthy)

L =

for all arbitrarily large N, because

5
5
ﬂm—al )>5 = 16>Za,

=1 =1

\gE

It in turn suffices to find ws such that
W3TMW3 > O,

where M is the three by three matrix
55 50 45 40 35

—Vsi+ —Vso+ —Vss+ —Vss+ —V55— V5.

44 70 44 77 44077 44 77 44

We try to solve

—1 w1 0

M —1 Wa . 0
—1 W3 - 0

111 0 l 1

Since the solution is approximately equal to

wy 0.2639
wy | ]0.3065
ws |~ [ 0.4296 |
¢ 0.8428

the result follows.

Q.E.D.
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related to the weight

We finish by indicating how to obtain Theorem 1.2.3. Observe that this is

%75(%”4-51)
+
374(a1n+by)
+
373(a1n+by)
+
372(a1n+by)
+
2y (ain+by)

+

_|_

_|_

+

374(azn+by)
+
373(aan+by) +
+
372(an+by) +
+
iy (asn+by) +

373(asn+bs)
+
372(asn+bs) +
_|_
iy (asn+bs) +

%72(a4n+b4)
+
%’71(@4%4‘()4) — 4_

In view of the weight used in part (d) of the previous proof, the result follows.
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Appendix A

MATLAB code for vy, ;(m,n)

A.1 Code for v;s(m,n)

function Q=02 (k,d, db,eta)
f=@(x)1./(4—x) ./%x;

gl=@(x,1i) (1—x) ." (d+db—k—1—ii) . *f (x) ;
x1lmax=1;

x1lmin=eta;

gll=@(x)0;

for ii=0:1:d—k

gll=@(x)gll (x)+gl(x,1ii)*nchoosek (d+db—k—1,1ii) *nchoosek (d. ..

—2—1ii,d—k—1i)*(—=1) " (d—k—1i1);
end
glr=@(x)0;
for ii=0:1:db—k

glr=@(x)glr (x)+gl(x,1ii) »nchoosek (d+db—k—1,1ii) *xnchoosek (db...

—2—1ii,db—k—1ii)*(—=1) " (db—k—11);
end
G1=Q@(x)gll(x)+glr(x);
Jl=integral (Gl,x1lmin, x1lmax) ;

g2=@Q (x) (1—x) .” (d+db—k—1) . xf (x) ;
x2max=1;

x2min=eta;
J2=integral (g2, x2min, x2max) ;

g2=@ (x) £ (x);

x2max=2;

x2min=eta;

J2=J2+integral (g2, x2min, x2max) ;
J2=J2+nchoosek (d+db—2+k, d—k) ;

Q=—J1+3J2;
QO=Qxfactorial (d—1)«xfactorial (db—1)/factorial (d+db—k—1);

117
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A.2 Code for v;3(m,n)

function Q=03 (k,d, db,eta)

© 0w 9 O s W N =

10

11
12
13
14

15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

34
35
36
37
38

39
40
41
42

43
44

f=QR(x,y)1./(4—x—y) ./x./y;

o\

%$%%J1l: row 2

gl=Q@(x,y,11) (1—x) ." (d+db—k—1—11) . xf (x,V¥) ;

x1max=1; ylmax=Q(x)2—x/2;

xlmin=eta; ylmin=eta;

gll=@(XIY)O;

for 1i=0:1:d—k

gll=Q@(x,y)gll(x,y)+gl(x,y,11) *nchoosek (d+db—k—1,11) *...
nchoosek (d—2—ii, d—k—1ii) * (—1) " (d—k—ii);

Il oo

end

glr=Q(x,y)0;

for 1i=0:1:db—k
glr=Q@(x,y)glr(x,y)+gl(x,y,11) rnchoosek (d+db—k—1,11) ...

nchoosek (db—2—1ii, db—k—1ii) * (—1) "~ (db—k—11i) ;

end

Gl=@(x,y)gll(x,y)+glr(x,y);

Jl=integral2 (Gl,x1lmin, xIlmax,ylmin, ylmax) ;

o\

%$%%J2: row 1,3

2=0;
g2=Q(x,y) (1—x) ." (d+db—k—1) . xf (x,V) ;
x2max=1; y2max=Q (x)2—x/2;
x2min=eta; y2min=eta;
J2=integral2 (g2, x2min, x2max, y2min, y2max) ;

<

92=0 (x,y) £(x,¥);

x2max=4/3; y2max=Q(x)2—x/2;

x2min=eta; y2min=Q@Q (x)x;

J2=J2+integral2 (g2, x2min, x2max, y2min, y2max) ;
J2=J2+nchoosek (d+db—2+k, d—k) ;

o\°

%$%%J3: row 4—6

g3=0@(x,y,1ii) (I1—(1—x) .~ (i1)—(1—y) . " (ii)) . x (1—x—y) .~ (d+db—k—1—. ..

i1) . +f (x,y);
x3max=1/2; y3max=@ (x)1—x;
x3min=eta; y3min=Q@ (x)x;
g31l=Q(x,y)0;
for 1i=0:1:d—k
g31=Q@(x,y)9g31l(x,y)+93(x,y,1ii) *nchoosek (d+db—k—1,1i) ...
nchoosek (d—2—ii,d—k—1ii) *(—1) " (d—k—ii);
end
g3r=@(x,y)0;
for 1i=0:1:db—k
g3r=Q@(x,y)9g3r(x,y)+93(x,y,1ii) *nchoosek (d+db—k—1,1i) ...
nchoosek (db—2—1ii, db—k—1i) * (—=1) "~ (db—k—11i) ;
end
G3=0(x,y)g3l(x,y)+g3r(x,V);
J3=integral2 (G3, x3min, x3max, y3min, y3max) ;



46
47
48
49
50
51
52
53

54
55
56
57

58
59
60
61
62
63
64
65
66
67
68
69
70
71

A.2. Code for vg3(m,n)

o\°

%$%%J6: row 7

g6=@Q (x,y,1i) (I1—x) .~ (ii) .*x(1—y) .” (d+db—k—1—11i) .
xbmax=1; yé6max=1;

xbmin=eta; yémin=@ (x)x;

g6l=@(XIY)O;

for ii=0:1:d—k

g6l=@(x,y)g6l(x,y)+g6(x,y,11)*nchoosek (d+db—k—1,1ii) *...

nchoosek (d—2—ii,d—k—1ii) *(—=1) " (d—k—1i1i);
end
g6r=@(XIY)O;
for ii=0:1:db—k

gbr=Q(x,y)gbr(x,y)+g6(x,vy,1ii) rnchoosek (d+db—k—1,1ii) ...
nchoosek (db—2—1ii, db—k—ii) x (—1) " (db—k—ii);

end
G6=Q (x,y)gbl(x,y)+gb6r(x,V);
J6=integral2 (G6, x6min, x6max, ybmin, ybmax) ;

o\

o
o

o\

$J7: row 8
7=0;
g7=Q(x,vy) (1—x—y) .~ (d+db—k—1) . *xf (x,¥y) ;
xTmax=1/2; y7max=@Q (x)1—x;
x7Tmin=eta; y7min=Q (x)x;
J7=integral2 (g7,x7min, x7max, y7/min, y7max) ;
J7=J7+«nchoosek (d+db—2+k, d—k) ;

o

Q=—J1+J2+J3+J6+J7;

O=Qxfactorial (d—1)xfactorial (db—1)/factorial (d+db—k—1);
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A.3 Code for v 4(m,n)

function Q=04 (k,d, db, eta)

© 0w 9 O s W N =

10

11
12
13
14

15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

34
35
36
37
38

39
40
41
42

43
44

f=Q(x,y,z)1./(4d—x—y—2)./x./y./2;

o\

%$%%J1l: row 2
gl=Q@(x,y,z,1ii) (1—x) . (d+db—k—1—-11) . x££ (x,V, 2) ;

x1lmax=1; ylmax=Q (x)4/3—x/3; zlmax=Q (x,y)2—x/2—y/2;
xlmin=eta; ylmin=eta; zlmin=0(x,vy)Vy;
gll=@(x,y,z)0;

for 1i=0:1:d—k

Il oe

gll=Q@(x,y,z)gll(x,y,z)+gl(x,y,z,11)*nchoosek (d+db—k—1,1ii) ...

*nchoosek (d—2—ii, d—k—ii) * (—1) " (d—k—ii);
end
glr=@(x,y,z)0;
for 1i=0:1:db—k

glr=Q@(x,y,z)glr(x,y,z)+gl(x,y,z,11i)*nchoosek (d+db—k—1,1ii) ...

*nchoosek (db—2—1i, db—k—ii) * (—1) "~ (db—k—1i1i) ;
end
Gl=Q@(x,v,z)gll(x,vy,2z)+tglr(x,y,2);
Jl=integral3 (Gl,x1lmin, xlmax,ylmin, ylmax, zlmin, zlmax) ;

o\

%$%%J2: row 1,3

J2=0;
g2=0(x,v,z) (1—x) .” (d+db—k—-1) .*f (x,vy, 2);
x2max=1; y2max=Q (x)4/3—x/3; z2max=Q (x,y)2—x/2—y/2;
x2min=eta; y2min=eta; z2min=@ (x,y)y;

J2=integral3 (g2, x2min, x2max, y2min, y2max, z2min, z2max) ;

g2=Q(x,v,2z)E(x,v,2);

x2max=1; y2max=Q0 (x)4/3—x/3; z2max=Q (x,y)2—x/2—y/2;

x2min=eta; y2min=Q@Q (x)x; z2min=@Q (x, V) y;

J2=J2+integral3 (g2, x2min, x2max, y2min, y2max, z2min, z2max) ;
J2=J2+nchoosek (d+db—2+k, d—k) ;

o\°

%$%%J3: row 4—6

g3=@(x,vy,z,ii) (1—(1—x) .~ (11)—(1—y) . " (ii)) .* (1—x—y) .~ (d+db—k. ..
—1—1ii) .xf(x,v,2);

x3max=1/2; y3max=@ (x)1—x; z3max=Q (x,y)2—x/2—y/2;

x3min=eta; y3min=Q@ (x)x; z3min=eta;

g3l=@Q(x,v,2z)0;

for 1i=0:1:d—k

g31=Q@(x,vy,2z)931(x,y,2z)+g93(x,y,z,11i)*nchoosek (d+db—k—1,ii) ...

*nchoosek (d—2—ii,d—k—1ii) * (—=1) " (d—k—1ii);
end
g3r=@Q(x,v,z)0;
for 1i=0:1:db—k

g3r=Q@(x,vy,2z)93r(x,y,2z)+g93(x,y,z,11i)*nchoosek (d+db—k—1,ii) ...

*nchoosek (db—2—1i, db—k—1ii) * (—=1) "~ (db—k—11i) ;
end
G3=Q@(x,vy,2)931(x,y,2z)+g3r(x,y,2);
J3=integral3 (G3, x3min, x3max, y3min, y3max, z3min, z3max) ;
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o\°

%$%%J6: row 7

go=Q(x,vy,z,1ii) (1—x) .7 (ii) .*(1—y) .  (d+db—k—1—1ii) .xf (x,v,2);
xomax=1; yomax=1; zomax=@Q (x,y)2—x/2—y/2;
xbmin=eta; y6ébmin=Q@ (x)x; zomin=eta;

g6l=Q@(x,y,2z)0;

for ii=0:1:d—k

g6l=@(x,y,z)g6l(x,y,2z)+g6(x,y,2,11)*nchoosek (d+db—k—1,1i) ...

*nchoosek (d—2—1ii,d—k—1ii) *(—=1) "~ (d—k—1i1i);
end
gbr=@Q(x,vy,z)0;
for ii=0:1:db—k

g6br=Q@(x,y,z)g6r(x,y,z)+g6(x,y,z,11i)*nchoosek (d+db—k—1,1ii) ...

+*nchoosek (db—2—1ii, db—k—ii) » (—=1) " (db—k—1ii) ;
end
G6=Q@(x,y,2)g6l(x,y,2z)+g6r (X,V,2);
J6=integral3 (G6,x6min, x6max,yb6bmin, ybmax, zémin, zé6max) ;

o\

o
o

o\

$J7: row 8
7=0;
g7=Q(x,vy,2z) (l—x—y) .~ (d+db—k—-1) .xf (x,vy,2) ;
xTmax=1/2; yTmax=@ (x)1—x; zTmax=Q (x,y)2—x/2—y/2;
x7Tmin=eta; y7min=Q@Q(x)x; z7min=eta;
J7=integral3 (g7, x7min, x7max, y7/min, y7max, z7min, z7max) ;
J7=J7+«nchoosek (d+db—2+k, d—k) ;

o

%$%%%J8: row 9—15
(

g8=@(x,vy,z,1i1) (1—(1—x) . (11)—(1—y) . " (ii)—(l—z) . " (11)+ (1—x—Vy) . ...
“(ii)+(l—x—z) . " (ii)+(1—y—z) . " (11)) . *x (l—x—y—2) . " (d+db—k—1—. ..

ii) . xf(x,v,2);
x8max=1/3; y8max=@Q(x)1/2—x/2; z8max=0Q (x,y) l—x—y;
x8min=eta; y8min=(@ (x)x; z8min=0@ (x,Vy)Vy;
g8l=Q@(x,vy,2z)0;
for ii=0:1:d—k

g8l=@(x,y,2z)98l(x,y,2z)+g8(x,y,2z,11)*nchoosek (d+db—k—1,1i) ...

*nchoosek (d—2—1ii,d—k—1ii) * (—=1) " (d—k—1i1i);
end
g8r=@Q(x,v,z)0;
for ii=0:1:db—k

g8r=@(x,y,z)98r (x,y,2z)+g8(x,y,2z,1ii)*nchoosek (d+db—k—1,1i) ...

+*nchoosek (db—2—1ii, db—k—ii) » (—=1) " (db—k—1i1i) ;
end
G8=Q@ (x,y,2)98l(x,y,2z)+g8r (x,y,2);
J8=integral3 (G8, x8min, x8max, y8min, y8max, z8min, z8max) ;

o\

%$%%J9: row 16—18

g9=@(x,y,z,1i1) ((1—x) .
—z) .  (d+db—k—1—-11) .*xf(x,y,2);

x9max=1/2; y9max=1/2; z9max=@ (x,vy) 1—-y;

x9min=eta; y9min=0Q (x)x; z9%min=Q(x,Vy)YVy;

g91=@(x,y,z)0;

for ii=0:1:d—k

(1i)— (1—x—y) .~ (ii)— (1—x—z) .~ (ii)) .* (1—y. ..

g91=Q@(x,v,2)991(x,y,2z)+g99(x,y,z,11) *nchoosek (d+db—k—1,1ii) ...

*nchoosek (d—2—ii,d—k—1ii) * (—1) " (d—k—ii);
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end
g9r=@ (x,v,2z)0;
for 1i=0:1:db—k

g9r=Q@ (x,v,2)99r (x,y,2z)+g99(x,vy, z,11i) *nchoosek (d+db—k—1,1ii) ...

*nchoosek (db—2—1i, db—k—ii) * (—=1) "~ (db—k—11i) ;
end
G9=Q@ (x,v,2)991(x,vy,2z)+g9r (x,Vy,2);
J9=integral3 (G9, x9min, x9max, y9min, y9max, z9min, z9max) ;

%$%%%J10: row 19-20

glO=@(x,y,z,1i1) ((1-y).
—1-1i1i) .xf(x,v,2);

x10max=1/2; ylOmax=Q (x)1—x; z1lOmax=Q@(x,y)l1—x;

x10min=eta; yl0min=Q (x)x; z10min=Q (x,Vv)y;

gl0l=Q@(x,y,2z)0;

for 1i=0:1:d—k

gl0l=Q@(x,y,z)gl01l(x,y,z)+gl0(x,vy,2z,1ii) *nchoosek (d+db—k—-1, ...

ii) *nchoosek (d—2—1ii,d—k—ii) * (—1) " (d—k—ii);
end
glOr=Q(x,y,z)0;
for 1i=0:1:db—k

glOr=Q@(x,vy,z)gl0r(x,y,z)+gl0(x,v,z,1ii) *nchoosek (d+db—k—-1, ...

ii) *nchoosek (db—2—1ii, db—k—ii) * (—1) " (db—k—ii) ;
end
Gl0=@(x,y,2z)9101(x,y,2z)+gl0r(x,vy,z);
J10=integral3 (G10,x10min, x10max, y10min, yl10Omax, z10min, z10max) ;

$%%%J1lla: row 21la

glla=Q@(x,y,z,1ii) ((1—z)." (11) .x (l—x—y) .~ (d+db—k—-1—-1ii)) .x£(x, V¥, . . .

z);
x1lmax=1/2; yllmax=Q@Q(x)1l—x; zllmax=@(x,y)x+y;
x1llmin=eta; yllmin=@(x)x; zllmin=0Q(x,Vy)Vy;
gllal=Q(x,y,z)0;
for ii=0:1:d—k

gllal=@(x,y,z)gllal(x,y,z)+glla(x,y,z,1ii)»nchoosek (d+db—k...

—1,ii) *nchoosek (d—2—ii,d—k—ii) *(—1) " (d—k—ii);
end
gllar=Q@(x,y,z)0;
for ii=0:1:db—k

gllar=0@(x,y,z)gllar(x,y,z)+glla(x,y,z,1ii)»rnchoosek (d+db—k...

—1,1ii) *nchoosek (db—2—ii, db—k—1ii)* (—1) " (db—k—ii);
end
Glla=Q@(x,vy,z)gllal(x,y,z)+gllar(x,vy,z);

Jlla=integral3(Glla,x1llmin,xllmax,yllmin,yllmax,zllmin,zllmax...

)i

%$%%%J11lb: row 21b

gllb=@ (x,y,z,1ii) ((1—x—y) .  (ii) .* (1—z) .  (d+db—k—1—ii)) . *£(x,y, ...

z);
x11lmax=1/2; yllmax=Q(x)1—x; zllmax=1;
x1llmin=eta; yllmin=Q0@(x)x; zllmin=0(x,y)x+y;
gllbl=Q@(x,vy,z)0;
for 1i=0:1:d—k

gllbl=Q@(x,y,z)gllbl(x,v,z)+gllb(x,y,2z,11) *nchoosek (d+db—k...

(ii)—(1=—x—y) .  (11)) . (l=x—z) . " (d+db—k. ..
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—1,ii) »nchoosek (d—2—ii,d—k—ii) *(—1) " (d—k—ii);
end
gllbr=0@(x,vy,z)0;
for 1i=0:1:db—k
gllbr=Q@(x,y,z)gllbr(x,v,z)+gllb(x,y,z,11) *nchoosek (d+db—k. ..
—1,1ii) »nchoosek (db—2—ii, db—k—1ii)* (—1) "~ (db—k—ii);
end
Gllb=Q@(x,vy,z)gllbl(x,y,z)+gllbr(x,v,z);
Jllb=integral3 (Gllb,x1lmin,xllmax,yllmin,yllmax,zllmin,zllmax...
)

%$%%%J14: row 22

14=0;

gld=Q(x,vy,z) (1—-x—y—z) . (d+db—k—1) . xf (x,Vy, 2) ;
x14dmax=1/3; yldmax=Q(x)1/2—x/2; zldmax=Q(x,y)l—x—vy;

o
S
I

x1l4min=eta; yl4min=0@ (x)x; z14min=Q (x,Vy)y;
Jl4=integral3(gl4,xl4min, xl4max,yl4min,yl4max, z1l4min, ...
z1l4max) ;

J14=J14+«nchoosek (d+db—2+k, d—k) ;

Q=—J1+J2+J3+J6+J7—J8—J9—-J10—J11a—J11b+J14;
O=Qxfactorial (d—1)xfactorial (db—1)/factorial (d+db—k—1);
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A.4 Code for v 5(m,n)

function Q=05 (k,d, db,eta)

o o s W N =

10
11

12
13
14
15

16
17
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28
29
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35

36

$%%%J1l: row 2
temp=Q (x)0;
for 1i=0:1:d—k

temp=0@ (x) temp (x) +tnchoosek (d+db—k—1,1ii) xnchoosek (d—2—1ii,d—. ..

k—ii) *(—=1) " (d—k—ii)* (1—x) .  (d+db—k—1—1ii);
end
for 1i=0:1:db—k

temp=@ (x) temp (x) +tnchoosek (d+db—k—1,ii) rnchoosek (db—2—1i1i, ...

db—k—ii) * (—1) " (db—k—1ii) * (1—x) .” (d+db—k—1—1i1i) ;
end

f=Q (x) temp (x) .*integral3 (@(y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t, ...
eta,1—x/4,Q(y)y,Q(y)4/3—x/3—y/3,Q@(y,z)z,Q(y,2)2—x/2—y/2—z. ..

/2);
Jl=integral (f,eta,l, 'ArrayValued', true);

o\°

$%%J2: row 1,3
f=Q(

x/2—y/2—2/2) ;
J2=integral (f,eta,l, 'ArrayValued', true);

f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t,x,1—-x/4,Q@ (...

v)y,@(y)4/3—x/3-y/3,C(y,2)z,8(y,2)2-%/2—y/2—2/2);
J2=J2+integral (f,eta,4/5, 'ArrayValued', true) ;
J2=J2+nchoosek (d+db—2+k, d—k) ;

o\

o
°

o\©

%$J3: row 4—6

temp=Q@ (x,y)0;

for ii=0:1:d—k
temp=0@ (x,y)temp (x,y)+(1—(1—x) .~

,d—k—1ii)* (—1) " (d—k—1ii);

end

for 1i=0:1:db—k

temp=Q (x,y)temp (x,y)+(1—(1—x) .
.7 (d+db—k—1—1ii) *nchoosek (d+db—k—1,1ii) xnchoosek (db—2—. ..
ii,db—k—ii)*(—1)" (db—k—1ii);

end

f=@ (x)integral3(Q(y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.xtemp (xX,Vy) ...

IXIl_XIetaI@(y)4/3_x/3_y/3l@(YIZ)ZI@(YIZ)Z_X/Z_Y/Z_Z/Z);
J3=integral (f,eta,1/2, "ArrayValued', true);

o\

o
°

o\

%$J6: row 7

temp=0(x,vy)0;

for ii=0:1:d—k

temp=0@ (x,y)temp (x,y)+(1—x) .

(ii) .*(1—y) .  (d+db—k—1—ii)*...

nchoosek (d+db—k—1,1i) *nchoosek (d—2—1ii, d—k—ii)* (—1) " (d...

—k—1ii);

end

x) (1—x) . " (d+db—k—1) . xintegral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./X. ...
/y./z./t,eta,1-x/4,Q@(y)y,@(y)4/3—x/3~y/3,@(y,z)z,Q@(y,z)2—. ..

(11)—(1=y) . " (i1)) .* (1=x—y) . ..
.7 (d+db—k—1—1ii) *nchoosek (d+db—k—1,1ii) xnchoosek (d—2—1ii...

(11)—(1=-y) .~ (i1)) .+ (1—x—y) . ..
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for ii=0:1:db—k

temp=0Q (x,y)temp (x,y)+(1—x)."  (11) .*x(1—y) .” (d+db—k—1—11i) *...
nchoosek (d+db—k—1,1i) xnchoosek (db—2—ii,db—k—ii)x(—1) ...

~ (db—k—1i1i) ;
end

f=@(x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t . xtemp(xX,Vy) ...

X, 1,eta,@(y)4/3—x/3—-y/3,Q@(y,z)z,Q(y, 2z)2—x/2—y/2—2/2);
J6=integral (f,eta, 1, 'ArrayValued', true);

/2—=y/2—2/2);
J7=integral (f,eta,1/2, 'ArrayValued', true);
J7=J7+«nchoosek (d+db—2+k, d—k) ;

o\

o)
°

o\

%$J8: row 9—15
temp=0(x,vy,z)0;
for 1i=0:1:d—k

temp=Q@ (x,y,z)temp(x,y,z)+(1—(1—x) . " (ii)—(1-y) .  (i1)—(1—z) ...

(A1) H(l—x—y) . T (11)+(1l—x—2z) . " (1i)+ (1—y—z) .7 (11)) ....
* (l=x—y—2z) ." (d+db—k—1—ii) *nchoosek (d+db—k—1,1ii) x...
nchoosek (d—2—ii,d—k—ii) * (—1) " (d—k—ii);
end
for 1i=0:1:db—k

temp=Q@ (x,y,z)temp(x,y,z)+(1—(1—x) . " (ii)—(1-y) .  (1i1)—(1—z) ...

(ii)+(l—x%x—y) . " (1i)+(l—x—z) . " (11)+ (1—y—z) . " (ii)) ....
* (l=x—y—z) ." (d+db—k—1—1ii) *nchoosek (d+db—k—1,1ii) x. ..
nchoosek (db—2—ii, db—k—ii)x (—1) " (db—k—1ii);

end

f=Q@ (x) integral3(Q@(y,z,t)1./ (4—x—y—z—t) ./x./y./z./t.xtemp (X, vy, ...

z),%x,1/2—x/2,@(y)y,@(y)l—x—y,eta, @ (y,z)2—x/2—y/2—2z/2) ;
J8=integral (f,eta,1/3, "ArrayValued', true);

o

%$%%J9: row 16—18

temp=0@(x,vy,2z)0;

for 1i=0:1:d—k

temp=0Q(x,y,z)temnp (x,y,z)+((1—x) .

(ii)—(l—x—y) .~ (11)—(1—x—. ..

z). " (ii)) .*(1—y—2z) .” (d+db—k—1—ii) xnchoosek (d+db—k—1, . ..

ii) »nchoosek (d—2—1ii,d—k—ii) * (—1) " (d—k—ii);
end
for 1i=0:1:db—k
temp=0(x,y, z)temp (x,v,2z)+((1l—x).

(ii)—(l—x—y) .~ (1i)—(1—x—. ..

z) . (ii)) .*x(l—=y—z) .  (d+db—k—1—1ii) xnchoosek (d+db—k—-1, ...

ii) *nchoosek (db—2—ii,db—k—ii) * (—1) "~ (db—k—ii);
end

f=Q@ (x) integral3(Q@(y,z,t)1./ (4—x—y—z—t) ./x./y./z./t.xtemp (X, vy, ...

z),%,1/2,@(y)y,@(y)1-y,eta, @(y,2z)2-x/2~y/2—-2/2);
J9=integral (f,eta,1/2, "ArrayValued', true) ;

%$%%%J10: row 19—20
temp=0(x,vy,z)0;
for 1i=0:1:d—k

temp=0(x,y, z)temp (x,v,z)+((1l=y) .  (ii)—(l—x—y) . " (ii)) .*x(1—...
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x—z) ." (d+db—k—1—1ii) *nchoosek (d+db—k—1,ii) *nchoosek (d. ..
—2—1ii,d—k—1ii)*(—1) " (d—k—1ii);

74 end
75 for 1i=0:1:db—k
76 temp=0(x,y, z)temp (x,v,z)+((1=y) .  (ii)—(l—x—y) . " (ii)) .*x(1—...
x—z) ." (d+db—k—1—1ii) *nchoosek (d+db—k—1,ii) *nchoosek (db. ..
—2—ii,db—k—1ii)* (—1)" (db—k—ii) ;
77 end
78 f=@ (x)integral3(Q(y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.xtemp (X,Vy, ...
z),x,1-x,Q(y)y,1—x,eta, @(y,z)2—x/2—y/2—2/2) ;
79 J10=integral (f,eta,1/2, 'ArrayValued', true);
80
81 %$%%%J11l: row 21
82 temp=0@(x,vy,2z)0;
83 for 1i=0:1:d—k
84 temp=0@(x,y, z)temp (x,vy,z)+(1l—2z) .7 (ii) .*x (1l—x—y) .  (d+db—k—-1—. ..
ii) »nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k—ii) ...
*(—1) " (d—k—ii);
85 end
86 for 1i=0:1:db—k
87 temp=0Q(x,y, z)temp (x,vy,z)+(1l—z) .7 (ii) .*x (l—x—y) .  (d+db—k—-1—. ..
ii) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—ii, db—k—ii) ...
*(—1) " (db—k—1i1i) ;
88 end
89 f=@ (x)integral3(Q(y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.xtemp (X,Vy, ...
z),x%x,1-x,Q@Q(y)y, @ (y)x+y,eta, @ (y,z)2—x/2—y/2—2/2);
90 Jll=integral (f,eta,1/2, 'ArrayValued', true);
91 temp=0Q(x,v,z)0;
92 for ii=0:1:d—k
93 temp=Q (x,y,z)temp(x,y, z)+(1—x—y) .  (ii) .*x(1—z) .  (d+db—k—1—...
ii) *nchoosek (d+db—k—1,1ii) xnchoosek (d—2—ii,d—k—1ii) ...
*(—1) " (d—k—ii);
94 end
95 for ii=0:1:db—k
96 temp=Q@ (x,y,z)temp(x,y, z)+(1—x—y) .  (ii) .*x(1—z) .  (d+db—k—1—...
ii) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db—k—ii) ...
*(—1) " (db—k—11i) ;
97 end
98 f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.*temp (X,Vy, ...
z),%x,1-x,Q(y)x+y, 1,eta, @(y, z)2—x/2—y/2—2/2);
99 J11=J11l+integral (f,eta,1/2, 'ArrayValued', true);
100
101 %$%%%J14: row 22
102 f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z2./t.x (l—x—y—2) ...
.S (d+db—k—-1),x,1/2—x/2,Q(y)y, Q@ (y)1l—x—y,eta,Q(y, z)2—x/2—y...
/2—2/2);
103 Jl4=integral (f,eta,1/3, 'ArrayValued', true);
104 J14=J14+nchoosek (d+db—2xk, d—k) ;

105

o\

o
°

o\

106 $JI: row 23—37

107 temp=0@(x,vy,z,t)0;
108 for 1i=0:1:d—k
109 temp=0(x,y,z,t)temp (x,vy,2z,t)+(1—(1—x) . " (ii)—(1—y) . " (ii) ...

—(l—2z)." (i1)—(1—-t) . " (11)+(l—x—y) . " (ii1)+(l—x—2z) . (ii) ...
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+(l—x—t).  (11)+(1—y—2) .

—(l—y—z—t) .  (ii)) .* (1—x—y—z—t) . " (d+db—k—1—11

(ii)+(1—y—t) . " (ii)+(l—z—t) . (...
iil)—(l—x—y—z) . " (11)— (1—x—y—t) . " (1i1)—(l—x—z—t) . " (ii) ...

) *.o..
nchoosek (d+db—k—1,1i) *nchoosek (d—2—1ii,d—k—ii)*(—1) " (d...

—k—ii);
end
for ii=0:1:db—k
temp=Q@(x,vy,z,t)temp (x,y,2z,t)+(1—(1—x) .
—(1—z) .  (ii)—(1—t) . " (i) + (1—x—y) .~
+(l—x—t) .  (1i1)+(1l—y—2z) .~
ii)—(l=—x—y—z) .~ (ii)—(l—x—y—t) . " (ii)—(l—x—2z—t) .
—(l—y—z—t) .  (ii)) .* (1—x—y—z—t) . (d+db—k—1—ii) *...

(ii) ...

(ii)—(1—y) .  (ii) ...
(ii)+(1—x—z) .  (ii)...
(ii)+(1—y—t) .  (1i)+(1—z—t) . (...

nchoosek (d+db—k—1,1i) xnchoosek (db—2—ii,db—k—ii)x(—1) ...

" (db—k—ii);
end

f=Q@(x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t . xtemp(X,y, ...
z,t),x,1/3—x/3,Q(y)y,Q(y)1/2—x/2—y/2,Q@(y,2)z,Q(y,z)l—x—y—. ..

z);
JI=integral (f,eta,1/4, 'ArrayValued', true);

%$%%%JI1: row 38—44

temp=0(x,vy,z,t)0;

for ii=0:1:d—k
temp=Q@(x,v,z,t)temp(x,y,2z,t)+((1—x) .

(ii)— (l—x—y) .  (ii) ...

—(1—x—2z) . " (ii)—(1l—x—t) . " (1i)+(l—x—y—z) . " (11) + (l—x—y—t ...

). (11)+(1—x—z—t) .~ (i1)) .*x (l=y—z—t) . (d+db—k—1—ii) ...

nchoosek (d+db—k—1,1i) *nchoosek (d—2—1ii,d—k—ii)* (—1) " (d...

—k—1ii);
end
for 1i=0:1:db—k

temp=Q@(x,y,z,t)temp(x,v,z,t)+((1—x) . " (i1)—(1—x—y) .  (ii) ...
—(1—x—2z) . " (ii)—(l—x—t) . " (1i1)+(l—x—y—2z) . " (11) + (l—x—y—t ...

). (11)+(1—x—z—t) . " (i1)) .* (l—y—z—t) . (d+db—k—1—ii) *...

nchoosek (d+db—k—1,1i) *nchoosek (db—2—ii,db—k—ii)*(—1) ...

" (db—k—ii);
end

f=@ (x)integral3 (@ (y,z,t)1./ (d—x—y—z—t) ./x./y./z./t.xtemp (X,Vy, ...

z,t),x,1/3,Q(y)y,@(y)1/2—y/2,@(y,2)z,@(y,2)1-y—2);
JII=integral (f,eta,1/3, 'ArrayValued', true);

$%%%JII1I: row 45-50
temp=0(x,vy,z,t)0;
for 1i=0:1:d—k
temp=0(x,vy,z,t)temp (x,v,2z,t)+((1-y).
—(1-y—z) .  (1i)—(1-y—t) . " (11)+ (1—x—y—=z2) .

(11)—(1—x—y) .~ (ii) ...
(1i)+(l=—x—y—t...

) .7 (ii)) .*x (l—x—2z—t) . " (d+db—k—1—ii) rnchoosek (d+db—k—1, ...

ii) *+nchoosek (d—2—1i,d—k—1ii)* (—1) " (d—k—ii);
end
for 1ii=0:1:db—k

temp:@ (XIYI th)temp(XIYI th)+( (lfy) . - (ll)*(l*X*y) ‘A (ll) .« ..

—(1—-y—2z) . " (ii)—(1l—y—t) . " (1i1)+ (l—x—y—2z) .

(11)+(1l—x—y—t...

). 7 (11)) .x(l—x—2z—t) . (d+db—k—1—1i) xnchoosek (d+db—k—1, ...

ii) *nchoosek (db—2—ii, db—k—ii)» (—1) " (db—k—1ii);
end
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136 f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.*temp (X,y, ...
z,t),x,1/2—x/2,Q@(y)y,1/2—x/2,@(y,z)z,@(y,z)1l—-x—2);

137 JIII=integral (f,eta,1/3, 'ArrayValued', true);

138

139 %$%%%JIV: row 51-53,55

140 temp=0(x,vy,z,t)0;

141 for 1ii=2:1:d-k %$for loop starts from 2, since the integrand
is zero when i1i=0,1

142 temp=Q (x,y, z,t)temp(x,y,z,t)+((1—2z) .  (ii)—(l—x—2z) .  (ii) ...

—(1—=y—2z) . " (ii)+(l—x—y—2z) .~ (ii)) .*x (1—x—y—t) .  (d+db—k...

—1—ii) *nchoosek (d+db—k—1, 1i) xnchoosek (d—2—1ii, d—k—ii) ...
*(—1) " (d—k—1ii);

143 end

144 for ii=2:1:db—k %for loop starts from 2, since the integrand

is zero when 1i=0,1

145 temp=0(x,y,z,t)temp(x,vy,z,t)+((1l—2z)." (11)—(1—x—z) .~ (ii) ...
—(1—y—2z) . (1) + (1—x—y—z) .~ (1i1)) . » (l—x—y—t) . " (d+db—k. ..
—1—ii) *nchoosek (d+db—k—1,1ii) xnchoosek (db—2—ii, db—k—ii. ..
)*(—=1) " (db—k—ii);

146 end
147 f=@ (x)integral3 (@ (y,z,t)1./ (d—x—y—z—t) ./x./y./z./t.xtemp (xX,y, ...
z,t),%,1/2—%/2,Q(y)y,Q(y)1-x—y,@(y,2) 2z, @ (y,2) 1-x—y) ;
148 JIV=integral (f,eta,1/3, 'ArrayValued', true);
149
150 %$%%%JV: row 54
151 temp=@(x,vy,z,t)0;
152 for 1i=0:1:d-k
153 temp=0(x,y,z,t)temp(x,vy,2z,t)+(l—z—t) . " (1i) .» (l—x—y—t) . " (d...
+dlb—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k. ..
—1i)*(—=1) " (d—k—1ii);
154 end
155 for 1i=0:1:db—k
156 temp=0(x,y,z,t)temp(x,vy,2z,t)+(l—z—t) . " (1ii) .x (l—x—y—t) . " (d...
+dlb—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db. ..
—k—ii)*(—1)" (db—k—ii);
157 end
158 f=@ (x)integral3 (@ (y,z,t)1./ (d—x—y—z—t) ./x./y./z./t.xtemp (X,Vy, ...
z,t),x,1/2—x/2,Q(y)y,Q@(y)min (x+y, 1—x—vy) ,Q@(y,z)z,Q@(y,z)l—x...
—v)i
159 JV=integral (f,eta,1/3, 'ArrayValued', true);
160 temp=0@(x,vy,z,t)0;
161 for 1i=0:1:d—k
162 temp=0Q(x,y,z,t)temp (x,y,2z,t)+(l—x—y—t) .  (ii) .*(1l—z—t) .  (d...
+db—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k. ..
—ii)x(—1)" (d—k—1ii);
163 end
164 for 1i=0:1:db—k
165 temp=0Q(x,y,z,t)temp (x,y,2z,t)+(l—x—y—t) .  (ii) .*(1—z—t) .  (d...
+db—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db. ..
—k—ii) % (—1)" (db—k—ii);
166 end
167 f=@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.xtemp (X,Vy, ...

z,t),x,1/2—x,Q@(y)x+y,1/2,@(y,z)z,Q(y,z)1—2);
168 Jv=JV+integral (f,eta, 1/4, 'ArrayValued', true);
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%$%$%JVI: row 56
temp=0@(x,v,z,t)0;
for 1i=0:1:d—k
temp=0(x,y,z,t)temp (x,vy,z,t)+(1—-t)." (11) .* (l—x—y—z) . (d+...
db—k—1—ii) *rnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii, d—k—. ..
ii)x(—1) " (d—k—1ii);
end
for 1i=0:1:db—k
temp=Q@ (x,y,z,t)temp (x,v,z,t)+(1—-t) .  (i1) .* (l—x—y—z) . " (d+...
db—k—1—1ii) *rnchoosek (d+db—k—1,1ii) *nchoosek (db—2—ii, db—. ..
k—ii)*(—1) " (db—k—ii);
end
f=@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.xtemp (X,Vy, ...
z,t),x,1/2-x/2,Q(y)y,Q(y)1—x—y,Q(y,2z)z,Q(y,z)xt+ty+z);
JVI=integral (f,eta,1/3, 'ArrayValued', true);
temp=0(x,v,z,t)0;
for ii=0:1:d—k
temp=Q (x,vy, z,t)temp(x,y,z,t)+(l—x—y—z) .  (11) .*x(1—t) .  (d+...
db—k—1—1ii) xnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii, d—k—. ..
ii)x(—1) " (d—k—1i1i);
end
for ii=0:1:db—k
temp=Q (x,vy, z,t)temp (x,y,z,t)+(l—x—y—2z) .  (11) .*x(1—t) .  (d+...
db—k—1—ii) rnchoosek (d+db—k—1,ii) *nchoosek (db—2—ii,db—. ..
k—ii)*(—1) " (db—k—1ii);
end
f=Q@ (x)integral3 (@ (y,z,t) 1./ (4—x—y—z—t) ./x./y./z./t.*temp (X, ¥, ...
z,t),x%x,1/2—x/2,Q@(y)y,Q(y)1l—x—y,Q(y, z)x+y+z,1);
JVI=JVI+integral (f,eta,1/3, 'ArrayValued', true);

%$%%%JVII: row 57
temp=0(x,vy,z,t)0;
for ii=0:1:d—k
temp=Q@ (x,vy,z,t)temp (x,v,z,L)+(1—x—t) .  (1i1) .* (l—x—y—z) .  (d...
+db—k—1—1i) *xnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii,d—k...
—ii)*(—=1) " (d—k—ii);
end
for ii=0:1:db—k
temp=0(x,y,z,t)temp(x,vy,2z,t)+(1—x—t)." (ii) .» (1—x—y—z) . " (d...
+db—k—1—1ii) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db. ..
—k—1i)*(—=1) " (db—k—11);
end
f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.*temp (X,y, ...
z,t),%x,1/2—x/2,Q@(y)y,Q(y)l—x—y,@(y,z)z,Q(y,z)y+z);
JVII=integral (f,eta,1/3, 'ArrayValued', true);
temp=0(x,vy,z,t)0;
for 1i=0:1:d—k
temp=0Q(x,y,z,t)temp (x,y,2z,t)+(l—x—y—2z) .  (ii) .* (1—x—t) . " (d...
+dlb—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k. ..
—ii)x(—1)" (d—k—1i1i);
end
for 1i=0:1:db—k
temp=@ (x,y,z,t)temp(x,y,z,t)+(l-x—y—z)." (ii) .» (1—-x—t) .  (d...
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+db—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db. ..
—k—ii)*(—1) " (db—k—1ii);

end

f=Q@ (x) integral3 (@ (y,z,t)1./ (4—x—y—z—t) ./x./y./z./t.xtemp (X, vy, ...

z,t),%,1/2-x/2,@(y)y,Q(y)1—x~y,Q@(y,2z)y+tz,1-x);
JVII=JVII+integral (f,eta,1/3, 'ArrayValued', true);

$%%%JVIII: row 58
temp=@(x,y,z,t)0;
for 1i=0:1:d—k

temp:@(Xry,Zrt)temp(X,y,Zrt)+(1—y—t)-A(ii)-*(l—X—y—Z).A(d...
+dlb—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k. ..

—ii)*(—=1) " (d—k—ii);
end
for 1i=0:1:db—k

temp=0@(x,y,z,t)temp (x,vy,2z,t)+(l—y—t) .  (ii) .x (l—x—y—2z) .  (d...
+db—k—1—1i) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db. ..

—k—1ii)*(—1) " (db—k—ii);
end

f=Q@ (x) integral3(Q@(y,z,t)1./ (4—x—y—z—t)./x./y./z./t.xtemp (X, vy, ...

z,8),%,1/2—%x/2,@(y)y,@(y)1—x—y,@(y,2z)z,Q(y,z) x+2);
JVIII=integral (f,eta,1/3, 'ArrayValued', true);
temp=0(x,vy,z,t)0;
for ii=0:1:d—k

temp=Q (x,y,z,t)temp (x,v,2z,t)+(l—x—y—2z)." (1ii) .» (1—y—t) .  (d...
+db—k—1—1i) *xnchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k...

—1i)*(—1) " (d—k—1i1);
end
for ii=0:1:db—k

temp=Q@ (x,vy,z,t)temp (x,v,z,t)+(l—x—y—2z) .  (1ii) .» (1—y—t) .  (d...
+dlb—k—1—1ii) *nchoosek (d+db—k—1,1ii) *nchoosek (db—2—1i, db. ..

—k—1ii)*(—1) " (db—k—1i1i);
end

f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.*temp (X,Vy, ...

z,t),%,1/2-x/2,8(y)y,@(y)1-x—y,Q@(y, z) x+z,Q (y,z) 1-y) ;
JVIII=JVIII+integral (f,eta,1/3, 'ArrayValued', true);

o\

%$%%JIX: row 59
temp=0@(x,vy,z,t)0;
for ii=0:1:d-k

temp=Q (x,vy,z,t)temp (x,v,z,t)+(1l—2z—t) .  (1i1) .* (l—x—y—z) .  (d...
+db—k—1—1ii) *nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k...

—1i)*(—1) " (d—k—1i1);
end
for ii=0:1:db—k

temp=Q@ (x,vy,z,t)temp (x,v,z,t)+(1l—2z—t) .  (1i1) .* (l—x—y—z) .  (d...
+db—k—1—1ii) *xnchoosek (d+db—k—1,1ii) *nchoosek (db—2—1i, db. ..

—k—1i)*(—1) " (db—k—1i1i);
end

f=@ (x)integral3(@(y,z,t) 1./ (d—x—y—z—t)./x./y./z./t.*temp(x,vy, ...
z,t),%,1/2-x/2,8(y)y, @ (y)min (x+y, 1-x—y) ,@(y,2)z,Q@(y, 2)X+y...

)i
JIX=integral (f,eta,1/3, 'ArrayValued', true);
temp=0(x,vy,z,t)0;
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241 for ii=0:1:d—k

242 temp=0Q(x,vy,z,t)temp(x,y,2z,t)+(l—x—y—2z) .  (ii) .* (1—z—t) . " (d...
+db—k—1—1ii) *nchoosek (d+db—k—1,ii) *nchoosek (d—2—ii,d—k...
—1i)*(—=1) " (d—k—1i1);

243 end

244 for 1i=0:1:db—k

245 temp=0Q(x,y,z,t)temp (x,y,2z,t)+(l—x—y—2z) .  (ii) .*(1—z—t) . " (d...
+dlb—k—1—1ii) *nchoosek (d+db—k—1,ii) *nchoosek (db—2—1ii, db. ..
—k—ii)*(—1)" (db—k—11i);

246 end

247 f=@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t . xtemp(X,y, ...

z,t),%x,1/2—x/2,Q(y)y,Q@(y)min(l—x—y,0.5),Q@(y,z)max (x+y,z), ...
@(y,z)1-2);

248 JIX=JIX+integral (f,eta,1/3, 'ArrayValued', true);

249

250 %$%%%JX: row 60

251 temp=0(x,v,z,t)0;

252 for ii=0:1:d—k

253 temp=Q (x,vy, z,t)temp(x,y,z,t)+(l—x—y) .  (ii) .*(1l—z—t) .  (d+...

db—k—1—1ii) xnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii, d—k—. ..
1i) % (=1) " (d—k—ii);

254 end

255 for ii=0:1:db—k

256 temp=Q (x,vy, z,t)temp(x,y,z,t)+(l—x—y) .  (ii) .*(1l—z—t) .  (d+...
db—k—1—ii) rnchoosek (d+db—k—1,ii) *nchoosek (db—2—ii,db—. ..
k—ii)*(—1)" (db—k—ii);

257 end

258 f=Q@ (x)integral3 (@ (y,z,t) 1./ (4—x—y—z—t) ./x./y./z./t.*temp (X, ¥, ...

z,t),x,1/2,@(y)y,1/2,@(y,z)z,@(y,z)1-2);
259 JX=integral (f,eta,1/2, 'ArrayValued', true);

260

o\

261 $%%JIXI: row 61

262 temp=Q@ (x,vy,z,t)0;
263 for ii=0:1:d-k
264 temp=Q (x,vy, z,t)temp(x,y,z,t)+(1l—x—2z) .  (ii) .* (1—y—t) .  (d+...

db—k—1—1ii) xnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii, d—k—. ..
ii)x(—1) " (d—k—1i1i);

265 end

266 for ii=0:1:db—k

267 temp=Q(x,y,z,t)temp(X,y,z,t)+(1l—x—2)." (ii) .* (1—y—t) .  (d+...
db—k—1—ii) rnchoosek (d+db—k—1,ii) *nchoosek (db—2—ii, db—. ..
k—ii)*(—1)" (db—k—ii);

268 end

269 f=Q@ (x)integral3 (@ (y,z,t) 1./ (d—x—y—z—t) ./x./y./z./t.*temp (X,y, ...

z,t),%x,1/2,8(y)y,@(y)1-y,@(y,2)z,C(y,z)1-y);

270 JXI=integral (f,eta,1/2, 'ArrayValued', true);

271

272 $%%%5JXIT: row 62

273 temp=0(x,vy,z,t)0;

274 for ii=0:1:d—k

275 temp=Q (x,vy, z,t)temp(x,y,z,t)+(l—y—2z) .  (ii) .*(1—x—t) .  (d+...

db—k—1—1ii) xnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii, d—k—. ..
1i) % (=1) " (d—k—ii);
276 end
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Appendix A. MATLAB code for vy j(m,n)

for ii=0:1:db—k

temp=0Q(x,y,z,t)temp(x,y,z,t)+(1—y—z) .7 (ii) .» (l—x—t) . " (d+...
db—k—1—ii) rnchoosek (d+db—k—1,ii) *nchoosek (db—2—ii, db—. ..

k—ii)*(—1) " (db—k—1i1i);
end

f=@ (x) integral3 (@ (y,z,t)1./ (4—x—y—z—t)./x./y./z./t.xtemp (x,y, ...

z,t),%,1/2,@(y)y,C(y) 1y, 8 (y,z) y+tz—%,1-x);
JXII=integral (f,eta,1/2, 'ArrayValued', true);
temp=0@(x,vy,z,t)0;
for 1i=0:1:d—k

temp:@ (XIYI th)temp(XIYI Z,t)+(1—X—t) . - (ll) .k (1—y—Z) . ° (d+- . .
db—k—1—ii) xrnchoosek (d+db—k—1,1ii) *nchoosek (d—2—ii, d—k—. ..

ii)*(—1) " (d—k—1ii);
end
for 1i=0:1:db—k
temp=0Q(x,y,z,t)temp (x,vy,2z,t)+(1l—x—t).

k—1ii)*(—1) " (db—k—ii);
end

f=Q@ (x) integral3(Q@(y,z,t)1./ (4—x—y—z—t)./x./y./z./t.xtemp (X, vy, ...

z,t),x,1/2,Q(y)y,C(y)1-y,Q(y,2z)z,Q(y,z)ytz—X);
JXII=JXII+integral (f,eta,1/2, 'ArrayValued', true);

$%%%JXIII: row 63
£=Q (

yrz)l=x—y—2z);
JXIII=integral (f,eta,1/4, 'ArrayValued', true);
JXIII=JXIII*nchoosek (d+db—2xk, d—k) ;

0=—J1+J2+J3+J6+J7—J8—J9—J10—-J11+J14+JI+JIT+JIII+JIV-JV+IVI—. ..
JVII=JVIITI-JIX+JX+IXI+IXII+JIXIITI;
O=Qxfactorial (d—1)xfactorial (db—1)/factorial (d+db—k—1);

“(ii) ox(l=y—z) . 7 (d+. ..
db—k—1—ii) *rnchoosek (d+db—k—1,1ii) *nchoosek (db—2—1ii, db—. ..

)integral3 (@(y,z,t)l./ (4—x—y—z—t)./x./y./z2./t.x (l—x—y—2—. ..
t).  (d+db—k—1),x,1/3—x/3,Q@(y)y,Q(y)1/2—x/2—y/2,Q@(y,2z)z,@ (...
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Record of V}, ;(m)

(a)

2.0000 3.0000

Voo — 0.6947 0.8163
227 10.8163 1.0796

2.0000 2.0000
Voo = < >

V. — (6-0000 6.0000
307 16.0000 9.6000

Voo — 1.7720 2.1592
327121592 3.0977

)

)

Y

Y

0.3333
Yo = (0.3750
0.5015
Vo = (0.6034
0.7500
Vo = (0.9000
1.5048
Vas = (1.9058

24.0000 24.0000 2.4000
‘/4,0 = ( ) 9 ‘/4,1 = (

24.0000 40.0000

3.0000

6.1954 7.7442 6.4011
‘/4,2 = ( ) ) ‘/4,3 = (

7.7442 11.7249

3.9399 7.4547

7.7124

1.1896

3.8734 3.9399 1.9497
‘/21,4 = ( ) ) ‘/4,5 = (

133

0.4500

0.3750)

0.6034)

0.9529

0.9000)

1.2000

1.9058)

3.0850

3.0000
4.2857

7.7124

12.773

1.1896
2.6990

)
)
).
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Appendix B. Record of Vj, j(m)

120.0000 120.0000
120.0000 205.7143
120.0000  270.0000

Voo =

27.6124 35.1746
35.1746  55.3437
40.3540 72.9153

Vo =

21.3554 22.3641
22.3641 41.6774
21.0342 56.1494

Vsa =

120.0000
270.0000
420.0000

40.3540
72.9153
105.7971

21.0342
56.1494
91.9789

10.0000 12.8571 15.0000

‘/},,1: 12.8571 19.2857  25.0000 | ,

15.0000 25.0000 35.0000

31.4693 38.3197  41.8529
38.3197 64.6991  86.6771 s
41.8529 86.6771 132.3505

11.5004 8.0970  4.3296

Vss = | 80970 17.1317 22.2077

4.3296  22.2077  40.0247
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