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Demonstration



Proposition 1 (Consequence of FTC)

Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ

satisfies the FTC and

y =

∞∑
i=1

ti
qi ,

where ti ∈ (D−D). If |A| > 1, then

σA(y) =
∞∑

i=1

σA(ti)
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Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the
FTC and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). We have

(a)
{

yqn − t1qn−1 − · · · − tn : n ≥ 0
}

is a finite set.
(b) If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

Proof of item(a)[
t1
q +· · ·+ tn

qn +
∑∞

n+1
ti
qi = y

]
⇒
[
qn∑∞

n+1
ti
qi

(
yqn−t1qn−1−· · ·−tn

)]
.

L.H.S.:
∣∣∣qn ∑∞

n+1
ti
qi

∣∣∣ ≤ ∑∞
1

const.
qi =: C0.

R.H.S.: y ∈ Y =
∪∞

ℓ=0
[
qℓ(D−D) + · · ·+ q(D−D) + (D−D)

]
⇒ y ∈

[
q?(D−D) + · · ·+ q(D−D) + (D−D)

]
⇒ ξn ∈

[
q?+n(D−D) + · · ·+ q(D−D) + (D−D)

]
(because ti ∈ (D−D))

⇒ ξn ∈ Y.
∴ L.H.S. & R.H.S. ⇒ {ξn : n ≥ 0} ⊆ [−C0,C0] ∩ Y.
∵ FTC ⇒ Y has no accumulation point ⇒ [−C0,C0] ∩ Y is a finite set
∴ {ξn : n ≥ 0} is also a finite set.
This completes the proof of item(a).
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Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

Accordingly, we have a two-step strategy for showing |A| ≤ 1:

(i) Find an expansion y =
∑∞

i=1
ti
qi (ii) Show that σA(y) ̸=

∑∞
i=1

σA(ti)
Ai .

Personal identity as an analogy
To argue that two people are the same person...
Criteria: Same passport no.; Same DNA; etc.
∼ Nature of step(i): quantitative, arithmetic.

To argue that two people are NOT the same person...
Criteria: Different shapes; Occupying different places; etc.
∼ Nature of step(ii): qualitative, geometric.

∴ The geometry of {σA(∂i)}m
i=0 plays a role in this problem.
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∑∞
i=1

σA(ti)
Ai .

Electric switch box as an analogy The light bulb is on whenever energy
supplied is enough (R.H.S. ≥ L.H.S.). We want supply = demand...



Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

It gives a two-step strategy of showing |A| ≤ 1:
(i) Find an expansion y =

∑∞
i=1

ti
qi (ii) Show that σA(y) ≠
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∑∞
i=1

σA(ti)
Ai .

Another switch box
Again we want supply = demand
(R.H.S. = L.H.S.)

27̄6̄
= 200 − 70 − 6
= 124



Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

It gives a two-step strategy of showing |A| ≤ 1:
(i) Find an expansion y =

∑∞
i=1

ti
qi (ii) Show that σA(y) ≠
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Step(i) ∼ Lazy algorithm.

Step(ii) ∼ Geometry of {σA(∂i)}m
i=0.

We illustrate the idea by the following:

Proposition 2 (Special case ⟨3012⟩)
Let A > 1 be a real algebraic conjugate of q. Suppose Φ satisfies the
FTC and m = 3. Then it is impossible that
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Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

Proposition 2 (Special case ⟨3012⟩)
Let A > 1 be a real algebraic conjugate of q. Suppose Φ satisfies the FTC
and m = 3. Then it is impossible that σA(∂3) > σA(∂0) > σA(∂1) > σA(∂2).

Proof It is proved by contradiction. Suppose on the contrary ⟨3012⟩ holds.
Write [i; j] := ∂i − ∂j and let y := [2; 1] = ∂2 − ∂1 ∈ (D−D) ⊆ Y. Our lazy
algorithm, using the “switch box”

gives an expansion y =
∑∞

i=1
ti
qi , where ti ∈ {[3; 0] , [3; 1] , [3; 2] , [3; 3]}. So

σA(y)
⋆
=
∑∞

i=1
σA(ti)

Ai as a result of FTC (Prop. 1). Contradiction arises since
on the one hand ⟨3012⟩⇒ L.H.S.= σA(∂2)− σA(∂1) < 0; on the other hand
⟨3012⟩ ⇒ σA(ti) = σA(∂3)−σA(∂?) > 0

⇒ R.H.S.=
∑∞

i=1
σA(ti)

Ai > 0. Q.E.D.



Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

Proposition 2 (Special case ⟨3012⟩)
Let A > 1 be a real algebraic conjugate of q. Suppose Φ satisfies the FTC
and m = 3. Then it is impossible that σA(∂3) > σA(∂0) > σA(∂1) > σA(∂2).

Proof It is proved by contradiction. Suppose on the contrary ⟨3012⟩ holds.
Write [i; j] := ∂i − ∂j and let y := [2; 1] = ∂2 − ∂1 ∈ (D−D) ⊆ Y. Our lazy
algorithm, using the “switch box”

gives an expansion y =
∑∞

i=1
ti
qi , where ti ∈ {[3; 0] , [3; 1] , [3; 2] , [3; 3]}. So

σA(y)
⋆
=
∑∞

i=1
σA(ti)

Ai as a result of FTC (Prop. 1). Contradiction arises since
on the one hand ⟨3012⟩⇒ L.H.S.= σA(∂2)− σA(∂1) < 0; on the other hand
⟨3012⟩ ⇒ σA(ti) = σA(∂3)−σA(∂?) > 0 ⇒ R.H.S.=

∑∞
i=1

σA(ti)
Ai > 0.

Q.E.D.



Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

Proposition 2 (Special case ⟨3012⟩)
Let A > 1 be a real algebraic conjugate of q. Suppose Φ satisfies the FTC
and m = 3. Then it is impossible that σA(∂3) > σA(∂0) > σA(∂1) > σA(∂2).

Proof It is proved by contradiction. Suppose on the contrary ⟨3012⟩ holds.
Write [i; j] := ∂i − ∂j and let y := [2; 1] = ∂2 − ∂1 ∈ (D−D) ⊆ Y. Our lazy
algorithm, using the “switch box”

gives an expansion y =
∑∞

i=1
ti
qi , where ti ∈ {[3; 0] , [3; 1] , [3; 2] , [3; 3]}. So

σA(y)
⋆
=
∑∞

i=1
σA(ti)

Ai as a result of FTC (Prop. 1). Contradiction arises since
on the one hand ⟨3012⟩⇒ L.H.S.= σA(∂2)− σA(∂1) < 0; on the other hand
⟨3012⟩ ⇒ σA(ti) = σA(∂3)−σA(∂?) > 0 ⇒ R.H.S.=

∑∞
i=1

σA(ti)
Ai > 0. Q.E.D.



Proposition 1 (Consequence of FTC)
Let A be an algebraic conjugate of q, and y ∈ Y. Suppose Φ satisfies the FTC
and y =

∑∞
i=1

ti
qi , where ti ∈ (D−D). If |A| > 1, then σA(y) =

∑∞
i=1

σA(ti)
Ai .

Proposition 2 (Special case ⟨3012⟩)
Let A > 1 be a real algebraic conjugate of q. Suppose Φ satisfies the FTC
and m = 3. Then it is impossible that σA(∂3) > σA(∂0) > σA(∂1) > σA(∂2).

So, “3012” is a forbidden pattern of {σA(∂i)}m
i=0 if we want A > 1.

The
study of forbidden patterns and their avoidance allows us to give an example
of Φ which satisfies the FTC and the associated q is NOT a PV number.
Example m = 5, q = 3 +

√
3 ≈ 4.732, and {∂i}m

i=0 with 0 < ∂i+1 − ∂i ≤ 1
are given by

∂0 ∂1 ∂2 ∂3 ∂4 ∂5
0 1 q/3 2q/3 − 1 q − 2 q − 1
0 1 1.577 2.154 2.732 3.732 .

It corresponds to the allowed pattern “125034”: letting A = 3 −
√

3 ≈ 1.267,
we have

σA(∂1) > σA(∂2) > σA(∂5) > σA(∂0) > σA(∂3) > σA(∂4)
1 > A/3 > A − 1 > 0 > 2A/3 − 1 > A − 2
1 > 0.422 > 0.267 > 0 > −0.154 > −0.732.
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1 > A/3 > A − 1 > 0 > 2A/3 − 1 > A − 2
1 > 0.422 > 0.267 > 0 > −0.154 > −0.732.



Example m = 5, q = 3 +
√

3 ≈ 4.732, and {∂i}m
i=0 with 0 < ∂i+1 − ∂i ≤ 1

are given by
∂0 ∂1 ∂2 ∂3 ∂4 ∂5
0 1 q/3 2q/3 − 1 q − 2 q − 1
0 1 1.577 2.154 2.732 3.732 .

We end by visualizing it. When ℓ = 0,
[
qℓD + · · ·+ qD + D

]
gives the

following.

That is, using the shorthand ⟨i ⟩ := ∂i, we have
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