
NUMERATION SYSTEMS
WITH

FINITE TYPE CONDITION
(Part I: Overview)
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Let q > 1.

Let D := {∂0, . . . , ∂m}, ∂i ∈ R, such that
∂0 = 0, ∂m = q − 1, and 0 < ∂i+1 − ∂i ≤ 1
for all i.
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Let q > 1 (base), D := {∂0, . . . , ∂m}, ∂i ∈ R (digits), such
that ∂0 = 0, ∂m = q − 1, and 0 < ∂i+1 − ∂i ≤ 1 for all i.

Φ := (q, D) is a numeration system.

E.g. The decimal system in our daily life:
q = 10, D = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}; ∂i+1 − ∂i ≡ 1.
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Let q > 1 (base), D := {∂0, . . . , ∂m}, ∂i ∈ R (digits), such that ∂0 = 0,
∂m = q − 1, and 0 < ∂i+1 − ∂i ≤ 1 for all i. Φ := (q,D) is a numeration
system (e.g. the decimal system Φ = (10,Z ∩ [0, 9])).

Given such a general numeration system, we study the
behavior of x1 − x2, where

x1, x2 ∈
∞∪
ℓ=0

[
qℓD + · · ·+ qD + D

]
=

{polyn. in q
with coeff.
from D

}
=: X.

Problem: When does the finite type condition (FTC)
hold? i.e. When does the set

Y :=

NOT have any accumulation point in R? E.g. For the
decimal system, X=N0, Y = N0−N0 = Z, so FTC holds!
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Another perspective...
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we have constant gap “xn+1 − xn ≡ 1” between consecutive counts.

Can we have a system of non-integer base, say a “base-3.14159” system,
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regularity? E.g. {xn+1 − xn} is a finite set?
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Some background:

1. It concerns the iteration of y 7→ qy + (D−D)
(∼ iterated function systems, fractal geometry and dimensions)

2. It concerns the properties of non-standard numeration systems
(∼ β-expansions, number theory and computer science)

3. The special case D=
{

(q−1)0
m , (q−1)1

m , · · · , (q−1)m
m

}
has been well studied

(Erdős & Komornik, 1998) (Akiyama & Komornik, 2013). PV numbers
(defined later) have played a central role; unsure for general cases.

4. Three equivalence formulations of FTC (Feng, 2016): FTC holds
(i.e. Y does not have any accum. point) ⇐⇒ Y∩ [0, 1] is a finite set
⇐⇒ 0 is an isolated point of Y ⇐⇒ Y is not dense in R.
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of q. (i.e. q is a PV number)
3. [m = 4 and FTC holds] ⇒ |A| < 1 for all REAL algebraic conjugate

A of q.
4. For each m ≥ 4, there exists Φ satisfying the FTC, and the associated

q is NOT a PV number.
5. Given an algebraic conjugate A of q, let σA : Q[q] → Q[A] be the field

isomorphism q 7→ A leaving Q fixed. This problem has a connection
with the geometry of {σA(∂i)}m

i=0 (i.e. the order relation of {σA(∂i)}
when A ∈ R; the planar point configuration of {σA(∂i)} when A ∈ C).
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of q. (i.e. q is a PV number)
3. [m = 4 and FTC holds] ⇒ |A| < 1 for all REAL algebraic conjugate

A of q.
4. For each m ≥ 4, there exists Φ satisfying the FTC, and the associated

q is NOT a PV number.
5. Given an algebraic conjugate A of q, let σA : Q[q] → Q[A] be the field

isomorphism q 7→ A leaving Q fixed. This problem has a connection
with the geometry of {σA(∂i)}m

i=0 (i.e. the order relation of {σA(∂i)}
when A ∈ R; the planar point configuration of {σA(∂i)} when A ∈ C).


